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ABSTRACT 

A civil engineering problem concerning the optimal design of a loaded frame structure with 
a random Young's modulus is discussed. The developed multi-criteria optimization model involves 
ODE-type constraints and also one chance constraint related to the structure’s reliability. A 
computational scheme for this type of problem is proposed using the finite difference method for 
the approximation of the ODE constraint and the scenario-based approach for random variable 
approximation. The chance constraint is handled by two approaches – the analytical approach and 
penalty reformulation. A posteriori check of satisfying the chance constraint is made, and the upper 
bounds of the obtainable reliability are computed. 

KEYWORDS 

Optimal engineering design, Stochastic programming, Chance constrained optimization, 
Ordinary differential equations 

INTRODUCTION 

It is often important in engineering to find the best possible design of a studied structure. To 
ensure the best solution, it is necessary to use a suitable optimization method. Furthermore, it is 
useful to consider several optimization criteria, e.g. minimizing the cost (which corresponds to the 
weight of the designed structure) and maximizing its rigidity. Optimal design problems in all 
engineering areas often lead to multicriteria optimization models constrained by ordinary (ODE) or 
partial (PDE) differential equations. At first, deterministic approaches have been used to solve such 
problems where all parameters are considered to be deterministic. However, uncertainty plays an 
important role due to variations in the material, variations in the external loads, etc. Therefore, the 
probabilistic nature of these problems should be considered to provide a more realistic description 
of real-world problems.  

This paper focuses on the optimal design of a loaded frame structure with a random 
Young's modulus. The reliability of the design is also an important issue here. Various approaches 
can be used to solve such a problem. Deterministic and reliability-based structural optimization of 
concrete cross sections has been compared, e. g. in [1], probability-based methods have been 
used, e.g. to optimize the spun concrete pole in [2] and heuristic algorithms have been tested, e.g. 
in [3].  A stochastic programming approach has been applied to a problem concerning the optimal 
design of beam cross section dimensions, e.g. in [4], [5], [6]. The reliability of the design has been 
addressed, e.g. in [7] and [8] by using chance constrained stochastic programming. This method is 
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also utilized in this paper, and the chance constraint is handled by two approaches. Moreover, a 
posteriori check of satisfying the chance constraint is made, and the upper bounds of the 
obtainable reliability are computed. 

PROBLEM FORMULATION 

The problem of designing a frame structure has been chosen (see Figure 1). The task is to 
obtain an optimal design of rectangular cross section dimensions while the frame’s weight is 
minimized and its rigidity is maximized. The weighted sum method is used to solve the multi-
criteria problem (see [9]). A random Young's modulus related to different material characteristics is 
assumed. The problem can be formulated as the following ODE constrained stochastic 
optimization program: 

min
𝑎,𝑏1,𝑏2,𝑏3,𝑣1,𝑣2,𝑣3

 (−𝛼𝔼(
𝐸(𝜔)𝑎𝑏1

3 + 𝐸(𝜔)𝑎𝑏2
3 + 𝐸(𝜔)𝑎𝑏3

3

12𝑐𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦
) + 𝛽

𝜌𝑎𝑏1𝑙1 + 𝜌𝑎𝑏2𝑙2 + 𝜌𝑎𝑏3𝑙2
𝑐𝑤𝑒𝑖𝑔ℎ𝑡

) (1) 

s. t. 𝐸(𝜔)
𝑎𝑏1

3

12

d4𝑣1
d𝑥4

(𝜔, 𝑥) = 𝑓(𝑥), 𝑥 ∈ ⟨0, 𝑙1⟩, 𝜔 ∈ Ω, (2) 

 𝐸(𝜔)
𝑎𝑏2

3

12

d4𝑣2
d𝑦4

(𝜔, 𝑦) = 0, 𝑦 ∈ ⟨0, 𝑙2⟩, 𝜔 ∈ Ω, (3) 

 𝐸(𝜔)
𝑎𝑏3

3

12

d4𝑣3
d𝑦4

(𝜔, 𝑦) = 0, 𝑦 ∈ ⟨0, 𝑙2⟩, 𝜔 ∈ Ω, (4) 

 𝑣1(𝜔, 0) = 0, 𝑣1(𝜔, 𝑙1) = 0,𝜔 ∈ Ω, (5) 

 𝑣2(𝜔, 0) = 0,
d𝑣2
d𝑦

(𝜔, 0) = 0, 𝑣2(𝜔, 𝑙2) = 0,𝜔 ∈ Ω, (6) 

 𝑣3(𝜔, 0) = 0,
d𝑣3
d𝑦

(𝜔, 0) = 0, 𝑣3(𝜔, 𝑙2) = 0,𝜔 ∈ Ω, (7) 

 −
d𝑣1
d𝑥

(𝜔, 0) =
d𝑣2
d𝑦

(𝜔, 𝑙2), 𝜔 ∈ Ω, (8) 

 
d𝑣1
d𝑥

(𝜔, 𝑙1) = −
d𝑣3
d𝑦

(𝜔, 𝑙2), 𝜔 ∈ Ω, (9) 

 𝐸(𝜔)
𝑎𝑏1

3

12

d2𝑣1
d𝑥2

(𝜔, 0) = −𝐸(𝜔)
𝑎𝑏2

3

12

d2𝑣2
d𝑦2

(𝜔, 𝑙2),𝜔 ∈ Ω, (10) 

 𝐸(𝜔)
𝑎𝑏1

3

12

d2𝑣1
d𝑥2

(𝜔, 𝑙1) = 𝐸(𝜔)
𝑎𝑏3

3

12

d2𝑣3
d𝑦2

(𝜔, 𝑙2), 𝜔 ∈ Ω (11) 

 |𝐸(𝜔)
d2𝑣1
d𝑥2

(𝜔, 𝑥)
𝑏1
2
| ≤ 𝜎𝑙𝑖𝑚𝑖𝑡 , 𝑥 ∈ ⟨0, 𝑙1⟩, 𝜔 ∈ Ω, (12) 

 |𝐸(𝜔)
d2𝑣2
d𝑦2

(𝜔, 𝑦)
𝑏2
2
+
∫ |𝑓(𝑥)|d𝑥
𝑙1
2
0

𝑎𝑏2
| ≤ 𝜎𝑙𝑖𝑚𝑖𝑡 , 𝑦 ∈ ⟨0, 𝑙2⟩, 𝜔 ∈ Ω, (13) 

 |𝐸(𝜔)
d2𝑣3
d𝑦2

(𝜔, 𝑦)
𝑏3
2
−

∫ |𝑓(𝑥)|d𝑥
𝑙1
𝑙1
2

𝑎𝑏3
| ≤ 𝜎𝑙𝑖𝑚𝑖𝑡 , 𝑦 ∈ ⟨0, 𝑙2⟩, 𝜔 ∈ Ω, (14) 
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 ∫ |𝑓(𝑥)|d𝑥

𝑙1
2

0

≤
𝜋2𝐸(𝜔)𝑎𝑏2

3

12(𝛾𝑙2)
2
, ∫ |𝑓(𝑥)|d𝑥

𝑙1

𝑙1
2

≤
𝜋2𝐸(𝜔)𝑎𝑏3

3

12(𝛾𝑙2)
2
, 𝜔 ∈ Ω, (15) 

 𝑎𝑚𝑖𝑛 ≤ 𝑎 ≤ 𝑎𝑚𝑎𝑥, (16) 

 𝑏𝑚𝑖𝑛 ≤ 𝑏1, 𝑏2, 𝑏3 ≤ 𝑏𝑚𝑎𝑥, (17) 

where 𝛼, 𝛽 > 0 are the weighting coefficients, 𝛼 + 𝛽 = 1, 𝔼(⋅) denotes the expected value, 𝐸(𝜔) is 
a random Young's modulus, 𝜔 is a random outcome, Ω is a sample space, 𝑐𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦 , 𝑐𝑤𝑒𝑖𝑔ℎ𝑡  are 

typical values of rigidity and weight of the frame (normalizing constants), 𝜌 is the beam density, 

𝑙1, 𝑙2 are the beam lengths, 𝑥, 𝑦 are the related space coordinates, 𝑓(𝑥) is a deterministic symmetric 
static load, 𝑎, 𝑏1, 𝑏2, 𝑏3 are the first-stage decision variables (dimensions of the rectangular cross 

sections) and 𝑣1(𝜔, 𝑥), 𝑣2(𝜔, 𝑦), 𝑣3(𝜔, 𝑦)  are the second-stage decision variables (deflections). 
More precisely, the deflections depend on 𝑎, 𝑏1, 𝑏2, 𝑏3, i.e. 𝑣1(𝜔, 𝑎, 𝑏1, 𝑏2, 𝑏3, 𝑥), 𝑣2(𝜔, 𝑎, 𝑏1, 𝑏2, 𝑏3, 𝑦), 
𝑣3(𝜔, 𝑎, 𝑏1, 𝑏2, 𝑏3, 𝑦), but this notation is not used for the clarity of the text.  

Transverse deflections of the beams in the structure are described by the ODEs (2)-(4). 
The boundary conditions for clamped end points given by (6) and (7) mean that there are zero 
transverse deflections and their slopes. Because only small deformations with respect to the 
dimensions of the beams are assumed, the theory of linear elasticity is used and, therefore, there 
are zero transverse deflections in the beam connections, see the constraints (5)-(7). The beam 
connections are solid, i.e. the right angles must be preserved during the deflection, see the 

constraints (8)-(9). Furthermore, the bending moments given as 𝑀(𝑥) = −𝐸𝐽
d2𝑣

d𝑥2
(𝑥),   𝑀(𝑦) = 

= −𝐸𝐽
d2𝑣

d𝑦2
(𝑦) (𝐽 =

𝑎𝑏3

12
 is the second moment of the rectangular cross section) must be the same in 

the beam connections, see the constraints (10)-(11). The maximum value of the stress must be 
bounded for safety reasons. The horizontal beam is influenced only by bending moment, see the 
constraint (12), but the vertical beams are pressure and bending loaded, see the constraints (13)-
(14). The limiting value 𝜎𝑙𝑖𝑚𝑖𝑡  relates to the proportional limit which marks the end of the area of 
elastic behaviour described by Hooke's law [10]. Also, the buckling stability conditions must be 
added for the vertical beams, see (15), where 𝛾 is the effective length factor and 𝛾𝑙2 is the effective 
length of the vertical beams. Finally, the dimensions of the beam cross section must be bounded, 
see (16) and (17). 

 

 

Fig. 1 – Scheme of the loaded frame structure and its cross sections with dimensions to optimize 
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Approximation 

The approximation of the above-mentioned continuous stochastic program is made in two 
steps. First, a scenario-based approach for a random variable approximation is used, see e.g. [11], 
[12]. It is assumed that the random Young's modulus 𝐸(𝜔) has a discrete probability distribution 
with a finite number 𝑅 of equiprobable scenarios 𝐸(𝜔𝑠) with the corresponding probabilities 𝑝𝑠 = 

= 𝑃({𝜔𝑠}) =
1

𝑅
, 𝑠 = 1,… , 𝑅. 

The second step consists of discretizing the space coordinates 𝑥 and 𝑦 in the constraints. A 
simple finite difference method (see e.g. [13]) with a uniform grid spacing is used: 𝑥𝑖 = 𝑖𝑑, 𝑖 =
0,… ,𝑁,  

𝑦𝑗 = 𝑗ℎ, 𝑗 = 0,… ,𝑀, 𝑑 =
𝑙1

𝑁
, ℎ =

𝑙2

𝑀
. Derivatives are replaced by the central difference formulas and 

difference equations are obtained. The following notation is used: 𝑣1(𝜔, 𝑥𝑖) = 𝑣1,𝑠,𝑖, 𝑉1,𝑠,𝑖 ≈ 𝑣1,𝑠,𝑖, … 

CHANCE CONSTRAINT 

A very important issue regarding the engineering design is its reliability. Therefore, the so-
called individual chance constraint (or probabilistic constraint) [11] is included in the model to 
ensure higher reliability. In the context of this paper, the reliability of the design will mean that the 
constraint limiting the maximum deflection of the horizontal beam should hold with high probability: 

 𝑃(max
x
 𝑣1(𝜔, 𝑥) ≤ 𝐴) ≥ 1 − 𝜀, (18) 

where 𝐴 is the given limiting value for the maximum deflection of the horizontal beam. 

Analytical approach 

For the given deterministic load 𝑓(𝑥) = −𝑓0 , the following formula for the maximum 
deflection of the horizontal beam can be derived: 

 𝑣1,𝑚𝑎𝑥(𝜔) =
𝐶

𝐸(𝜔)
, 𝐶 =

𝑓0𝑙1
4(15𝑙2

2𝑏1
6 + 8𝑙1𝑙2𝑏1

3𝑏2
3 + 8𝑙1𝑙2𝑏1

3𝑏3
3 + 4𝑙1

2𝑏2
3𝑏3

3)

32𝑎𝑏1
3(3𝑙2

2𝑏1
6 + 4𝑙1𝑙2𝑏1

3𝑏2
3 + 4𝑙1𝑙2𝑏1

3𝑏3
3 + 4𝑙1

2𝑏2
3𝑏3

3)
. (19) 

It means that the maximum deflection 𝑣1,𝑚𝑎𝑥(𝜔) is the transformed random variable. The 

uniformly distributed Young's modulus is assumed, i.e. 𝐸 ∼ 𝑈(𝐸𝑚𝑖𝑛 , 𝐸𝑚𝑎𝑥), and the distribution 
function of the random variable 𝑣1,𝑚𝑎𝑥(𝜔) can be obtained: 

 𝐹𝑣1,𝑚𝑎𝑥(𝑧) =

{
  
 

  
 0, 𝑧 ≤

𝐶

𝐸𝑚𝑎𝑥
,

1

𝐸𝑚𝑎𝑥 − 𝐸𝑚𝑖𝑛
(𝐸𝑚𝑎𝑥 −

𝐶

𝑧
) ,

𝐶

𝐸𝑚𝑎𝑥
≤ 𝑧 ≤

𝐶

𝐸𝑚𝑖𝑛
,

1, 𝑧 ≥
𝐶

𝐸𝑚𝑖𝑛
.

 (20) 

The left-hand side of the chance constraint (18) can be written as 𝑃 (max
x
 𝑣1(𝜔, 𝑥) ≤ 𝐴) =

= 𝐹𝑣1,𝑚𝑎𝑥(𝐴),  and therefore, the chance constraint (18) in the analytical form is the following: 

 
 1

𝐸𝑚𝑎𝑥 − 𝐸𝑚𝑖𝑛
(𝐸𝑚𝑎𝑥 −

𝐶

𝐴
) ≥ 1 − 𝜀. 

 
(21) 

This analytical approach can usually be used only for simple problems when it is possible to 
derive the corresponding distribution function. For more complex cases, another approach must be 
used to solve chance constrained problems. 
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Penalty reformulation 

An appropriate penalty function 𝜈  [14] is used to reformulate the chance constrained 
problem (1)-(18): 

min
𝑎,𝑏1,𝑏2,𝑏3,𝑣1,𝑣2,𝑣3

 

−𝛼𝔼(
𝐸(𝜔)𝑎𝑏1

3 + 𝐸(𝜔)𝑎𝑏2
3 + 𝐸(𝜔)𝑎𝑏3

3

12𝑐𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦
) + 𝛽

𝜌𝑎𝑏1𝑙1 + 𝜌𝑎𝑏2𝑙2 + 𝜌𝑎𝑏3𝑙2
𝑐𝑤𝑒𝑖𝑔ℎ𝑡

+𝑀𝑝𝑒𝑛𝔼(𝜈 (max
𝑥
 𝑣1(𝜔, 𝑥) − 𝐴)), 

(22) 

where 𝜈: ℝ → ℝ0
+ is a continuous nondecreasing function equal to 0 on ℝ0

− and positive otherwise, 

𝑀𝑝𝑒𝑛  is a penalty coefficient. Frequently used penalty function [15] is 𝜈(𝑠) = (max(0, 𝑠))2  (see 

Equation (23)). 
Hence, the approximation of the nonlinear continuous two-stage chance constrained 

stochastic program is given by the following nonlinear deterministic program: 

min
𝑎,𝑏1,𝑏2,𝑏3,
𝐕1,𝑠,𝐕2,𝑠,𝐕3,𝑠

 

(−𝛼∑𝑝𝑠
𝐸𝑠𝑎𝑏1

3 + 𝐸𝑠𝑎𝑏2
3 + 𝐸𝑠𝑎𝑏3

3

12𝑐𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦

𝑅

𝑠=1

+ 𝛽
𝜌𝑎𝑏1𝑙1 + 𝜌𝑎𝑏2𝑙2 + 𝜌𝑎𝑏3𝑙2

𝑐𝑤𝑒𝑖𝑔ℎ𝑡

+𝑀𝑝𝑒𝑛∑𝑝𝑠(max(0,max
𝑖
 𝑉1,𝑠,𝑖 − 𝐴))

2

𝑅

𝑠=1

) 

(23) 

s. t. 𝑎𝑏1
3𝐸𝑠(𝕂𝐕1,𝑠 + 2𝑑𝝋1,𝑠) = 𝐟, 𝑠 = 1,… , 𝑅, (24) 

 𝑎𝑏2
3𝐸𝑠(𝕂𝐕2,𝑠 + 2ℎ𝝋2,𝑠) = 𝟎, 𝑠 = 1,… , 𝑅, (25) 

 𝑎𝑏3
3𝐸𝑠(𝕂𝐕3,𝑠 − 2ℎ𝝋2,𝑠) = 𝟎, 𝑠 = 1,… , 𝑅, (26) 

 𝑉1,𝑠,0 = 0, 𝑉1,𝑠,𝑁 = 0, 𝑉2,𝑠,0 = 0, 𝑉2,𝑠,𝑀 = 0, 𝑉3,𝑠,0 = 0, 𝑉3,𝑠,𝑀 = 0, 𝑠 = 1,… , 𝑅, (27) 

 𝜑1,𝑠 = 𝜑2,𝑠, 𝑠 = 1,… , 𝑅, (28) 

 
𝑎𝑏1

3𝐸𝑠(2𝑉1,𝑠,1 + 2𝑑𝜑1,𝑠)

12𝑑2
= −

𝑎𝑏2
3𝐸𝑠(2𝑉2,𝑠,𝑀−1 + 2ℎ𝜑2,𝑠)

12ℎ2
, 𝑠 = 1,… , 𝑅, (29) 

 
𝑎𝑏1

3𝐸𝑠(2𝑉1,𝑠,𝑁−1 + 2𝑑𝜑1,𝑠)

12𝑑2
=
𝑎𝑏2

3𝐸𝑠(2𝑉3,𝑠,𝑀−1 − 2ℎ𝜑2,𝑠)

12ℎ2
, 𝑠 = 1,… , 𝑅, (30) 

 |𝑏1𝐸𝑠(ℂ𝐕1,𝑠 + 𝑑𝝋1,𝑠
∗ )| ≤ 𝑑2𝜎𝑙𝑖𝑚𝑖𝑡𝐠, 𝑠 = 1,… , 𝑅, (31) 

 |
𝑏2𝐸𝑠
2ℎ2

(ℂ𝐕2,𝑠 + ℎ𝝋2,𝑠
∗ ) +

𝑓0𝑙1
2𝑎𝑏2

𝟏| ≤ 𝜎𝑙𝑖𝑚𝑖𝑡𝟏, 𝑠 = 1,… , 𝑅, (32) 

 |
𝑏3𝐸𝑠
2ℎ2

(ℂ𝐕3,𝑠 − ℎ𝝋2,𝑠
∗ ) +

𝑓0𝑙1
2𝑎𝑏2

𝟏| ≤ 𝜎𝑙𝑖𝑚𝑖𝑡𝟏, 𝑠 = 1,… , 𝑅, (33) 

 
𝑓0𝑙1
2
≤
𝜋2𝐸𝑠𝑎𝑏2

3

12(𝛾𝑙2)
2
,
𝑓0𝑙1
2
≤
𝜋2𝐸𝑠𝑎𝑏3

3

12(𝛾𝑙2)
2
, 𝑠 = 1,… , 𝑅, (34) 

 𝑎𝑚𝑖𝑛 ≤ 𝑎 ≤ 𝑎𝑚𝑎𝑥, 𝑏𝑚𝑖𝑛 ≤ 𝑏1, 𝑏2, 𝑏3 ≤ 𝑏𝑚𝑎𝑥, (35) 
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where 𝐕1,𝑠 = (𝑉1,𝑠,1, … , 𝑉1,𝑠,𝑁−1)
T,  𝐕2,𝑠 = (𝑉2,𝑠,1, … , 𝑉2,𝑠,𝑀−1)

T,  𝐕3,𝑠 = (𝑉3,𝑠,1, … , 𝑉3,𝑠,𝑀−1)
T  are the 

approximations of 𝑣1(𝜔, 𝑥) , 𝑣2(𝜔, 𝑦) , 𝑣3(𝜔, 𝑦) , 𝕂 =

(

 
 
 
 

7 −4 1 0 0 … 0
−4 6 −4 1 0 … 0
1 −4 6 −4 1 … 0

⋮
0 … 1 −4 6 −4 1
0 … 0 1 −4 6 −4
0 … 0 0 1 −4 7 )

 
 
 
 

 is a 

square matrix of order 𝑁 − 1, ℂ =

(

 
 
 
 

1 0 0 … 0
−2 1 0 … 0
1 −2 1 … 0

⋮
0 … 1 −2 1
0 … 0 1 −2
0 … 0 0 1 )

 
 
 
 

 is a matrix of order (𝑀 + 1) × (𝑀 − 1), 

𝐟 = (12𝑑4𝑓1, … ,12𝑑
4𝑓𝑁−1)

T,  𝝋1,𝑠 = (𝜑1,𝑠, 0, … ,0, 𝜑1,𝑠)
T  is a (𝑁 − 1) dimensional vector, 𝝋2,𝒔 = 

= (0,0,… ,0, 𝜑2,𝑠)
T  is a (𝑀 − 1) dimensional vector, 𝝋1,𝑠

∗ = (𝜑1,𝑠, 0, … ,0, 𝜑1,𝑠)
T , 𝐠 = (1,2,2,… ,2,2,1)T 

are (𝑁 + 1) dimensional vectors, 𝝋2,𝑠
∗ = (0,0,… ,0, 𝜑2,𝑠)

T , 𝟏 = (1,… ,1)T  are (𝑀 + 1) dimensional 

vectors.  
For the analytical approach, the resulting model differs in the objective function (penalty 

term is removed from Equation (23)) and Equation (21) is added to model the chance constraint 
(18). 

NUMERICAL STUDY 

The results are presented for the following input data. The number of grid points are 𝑁 =
50, 𝑀 = 50,  the number of scenarios is 𝑅 = 25, 100, 200.  The load is constant: 𝑓(𝑥) = −𝑓0,  
𝑓0 = 10  Nmm-1. The lengths of the steel beams are 𝑙1 = 𝑙2 = 1000  mm, their density is   
𝜌 = 7.85 ⋅ 10−9 tmm-3. The stress limit is 𝜎𝑙𝑖𝑚𝑖𝑡 = 100 MPa. The limiting values of the beam 
dimensions are 𝑎𝑚𝑖𝑛 = 𝑏𝑚𝑖𝑛 = 10 mm, 𝑎𝑚𝑎𝑥 = 𝑏𝑚𝑎𝑥 = 100 mm. The random Young's modulus is 

uniformly distributed: 𝐸𝑠 ∼ 𝑈(200 ⋅ 10
3, 230 ⋅ 103)  MPa. The weighting coefficients are 𝛼 = 0.5, 

𝛽 = 0.5  and the normalizing constants are 𝑐𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦 = 5.25 ⋅ 10
12  Nmm2, 𝑐𝑤𝑒𝑖𝑔ℎ𝑡 = 0.009  t. The 

limiting value is 𝐴 = 0.9 mm. 
Both programs (using analytical approach and penalty reformulation) are implemented in 

GAMS with solver CONOPT and ran on a PC with Intel Core i7 CPU 860 2.8GHz and 8GB RAM.  

Tab. 1 - Summary of the analytical approach results 

 R=25 R=100 R=200 
Reliability Opt.solution [mm]  Obj. Opt.solution [mm]  Obj. Opt.solution [mm]  Obj. 
1 − 𝜀 𝑎      𝑏1     𝑏2 = 𝑏3    value 𝑎       𝑏1     𝑏2 = 𝑏3  value 𝑎      𝑏1       𝑏2 = 𝑏3       value 

0.2 10   91.72   12.82    0.4987 10   91.72  12.86  0.4991 10  91.72   12.86       0.4991 

0.4 10   92.56   12.82    0.5020 10   92.56  12.86  0.5023 10  92.56   12.86       0.5024 

0.6 10   93.43   12.82    0.5054 10   93.43  12.86  0.5058 10  93.43   12.86       0.5058 

0.8 10   94.33   12.82    0.5089 10   94.33  12.86  0.5093 10  94.33   12.86       0.5093 

0.9 10   94.80   12.82    0.5107 10   94.80  12.86  0.5111 10  94.80   12.86       0.5111 

0.99 10   95.22   12.82    0.5124 10   95.22  12.86  0.5128 10  95.22   12.86       0.5128 

0.9999 10   95.27   12.82    0.5126 10   95.27  12.86  0.5129 10  95.27   12.86       0.5130 

1 10   95.27   12.82    0.5126 10   95.27  12.86  0.5130 10  95.27   12.86       0.5130 

Table 1 shows the summary of the analytical approach results. More precisely, the 
influence of the right-hand side 1 − 𝜀 of the chance constraint (18) on the optimal dimensions for 

three different number of scenarios 𝑅 is shown. There is a little difference only in dimensions b2 
and b3 for different R. 
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The point estimate of probability (P.E. of probability.) in Table 2 is computed as the relative 
frequency of the event max

𝑥
 𝑣1(𝜔, 𝑥) ≤ 𝐴 . The summary of the penalty reformulation results is 

presented in Table 2 shows the influence of the penalty coefficient value 𝑀𝑝𝑒𝑛 on the optimal 

dimensions and also on the probability of satisfying max
𝑥
 𝑣1(𝜔, 𝑥) ≤ 𝐴 for three different number of 

scenarios 𝑅. With an increasing penalty coefficient, the dimension 𝑏1 and also the rigidity of the 

beam increase, and its deflection decreases. Therefore, the probability of satisfying max
𝑥
 𝑣1(𝜔, 𝑥) ≤

𝐴 must also increase, as can be seen in Figure 2. 

Tab. 2 - Summary of the penalty reformulation results 

Penalty R=25 R=100 R=200 
coeff. Opt.solution [mm]  P.E. of Opt.solution [mm] P.E. of Opt.solution [mm]  P.E. of 
𝑀𝑝𝑒𝑛 𝑎     𝑏1     𝑏2 = 𝑏3   probab. 𝑎      𝑏1       𝑏2 = 𝑏3    prob. 𝑎      𝑏1       𝑏2 = 𝑏3   probab. 

0.5 10  89.56   12.82      0.00 10  89.65   12.86      0.00 10  89.67   12.86      0.000 

0.7 10  90.47   12.82      0.00 10  90.56   12.86      0.00 10  90.58   12.86      0.000 

0.9 10  91.02   12.82      0.08 10  91.11   12.86      0.04 10  91.13   12.86      0.045 

1 10  91.24   12.82      0.08 10  91.32   12.86      0.06 10  91.35   12.86      0.070 

5 10  93.36   12.82      0.48 10  93.45   12.86      0.45 10  93.48   12.86      0.490 

10 10  93.82   12.82      0.60 10  93.93   12.86      0.64 10  93.99   12.86      0.635 

50 10  94.44   12.82      0.76 10  94.60   12.86      0.83 10  94.65   12.86      0.830 

100 10  94.57   12.82      0.84 10  94.77   12.86      0.90 10  94.83   12.86      0.895 

1000 10  94.90   12.82      0.96 10  95.09   12.86      0.97 10  95.13   12.86      0.965 

10000 10  94.95   12.82      0.96 10  95.23   12.86      0.99 10  95.23   12.86      0.985 

50000 10  94.96   12.82      0.96 10  95.25   12.86      0.99 10  95.25   12.86      0.990 

107 10  94.96   12.82      0.96 10  95.25   12.86      0.99 10  95.25   12.86      0.995 

 
The comparison of the analytical approach and the penalty reformulation is made for 𝑅 =

200 scenarios. Several values of the penalty coefficients corresponding to the selected reliabilities 
are determined using the graph in Figure 3. The solutions for both approaches are quite 
comparable (see Table 3). Also, the computational times are similar (~ 8 min). The penalty 
reformulation is useful for more complex problems when the analytical approach cannot be used.   

 

Fig. 2 – Probability of satisfying the constraint 𝑚𝑎𝑥
𝑥
 𝑣1(𝜔, 𝑥) ≤ 𝐴 
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Fig. 3 – Determining the penalty coefficients for 𝑅 = 200 

Tab. 3 - Comparison of the analytical approach and penalty reformulation for 𝑅 = 200 

 Analytical approach Penalty reformulation Penalty 
Reliability Optimal solution [mm]   Objective Optimal solution [mm]   Objective coeff. 
1 − 𝜀 𝑎         𝑏1          𝑏2 = 𝑏3          value 𝑎         𝑏1          𝑏2 = 𝑏3          value 𝑀𝑝𝑒𝑛 

0.2 10      91.72      12.86          0.4991 10      92.15      12.86          0.5047 1.6 

0.4 10      92.56      12.86          0.5024 10      93.12      12.86          0.5073 3.4 

0.6 10      93.43      12.86          0.5058 10      93.86      12.86          0.5092 8.2 

0.8 10      94.33      12.86          0.5093 10      94.56      12.86          0.5111 38.1 

0.99 10      95.22      12.86          0.5128 10      95.24      12.86          0.5129 50000 

RELIABILITY CHECK 

A disadvantage of the penalty reformulation is that the reliability 1 − 𝜀  from the chance 
constraint (18) is not involved in the model. Therefore, it would be useful to make an a posteriori 
check of satisfying this constraint.  

First, the penalty reformulated problem with a smaller sample to yield a candidate first-

stage solution 𝑎̂, 𝑏̂1, 𝑏̂2, 𝑏̂3  is solved. Then, this solution is fixed and an a posteriori check is 

conducted (see [16], [17]) to see if 𝑃 (max
𝑥
 𝑣1(𝜔, 𝑥) ≤ 𝐴) ≥ 1 − 𝜀. Very large Monte Carlo sample 

𝐸(𝜔1),… , 𝐸(𝜔𝑅′) is taken, and it is calculated how many times the maximum deflection is smaller 

than the given limit, i.e. ∑ 𝕀𝑅′
𝑠=1 (max 

𝑖
𝑉1,𝑠,𝑖 ≤ 𝐴). This number is denoted as 𝑟. The random variable 

𝑌 ∼ 𝐵𝑖(𝑅′, 𝑝) expresses the number of experiment realizations when the random event 
max
𝑥
 𝑣1(𝜔, 𝑥) ≤ 𝐴 occurs, i.e. 𝑝 = 𝑃(max 

𝑥
𝑣1(𝜔, 𝑥) ≤ 𝐴). And now, the lower bound of the risk level 𝜀, 

for which the chance constraint (18) is still satisfied with the given confidence level 1 − 𝛿, can be 
determined.  

The following statistical hypotheses must be tested: null hypothesis 𝐻0: 𝑝 < 1 − 𝜀  and 

alternative hypothesis 𝐻1: 𝑝 ≥ 1 − 𝜀. The observed value of the test statistic is  

𝑧 =
𝑟

𝑅′
−(1−𝜀)

√
(1−𝜀)(1−(1−𝜀))

𝑅′

. The critical region is 𝐶 = ⟨𝑢1−𝛿 ,∞)  where 𝑢1−𝛿  is the ( 1 − 𝛿 )-quantile of the 

standard normal distribution. If 𝑧 ∈ 𝐶, 𝐻0 is rejected and 𝐻1 is not rejected at the significance level 
𝛿, i.e. the solution is accepted as feasible. To obtain the lower bound of the risk level 𝜀 , the 
following equation must be solved: 
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𝑟
𝑅′ − (1 − 𝜀)

√(1 − 𝜀)(1 − (1 − 𝜀))
𝑅′

= 𝑢1−𝛿. (36) 

The lower bound of the risk level 𝜀, for which the chance constraint is still satisfied, i.e. the 

solution is accepted as feasible, with confidence 1 − 𝛿 is 𝜀: 

 
𝜀 =

2(𝑅′ − 𝑟) + 𝑢1−𝛿
2 +√4𝑟𝑢1−𝛿

2 + 𝑢1−𝛿
4 −

4𝑟2𝑢1−𝛿
2

𝑅′

2(𝑅′ + 𝑢1−𝛿
2 )

. 
(37) 

The upper bound of the obtainable reliability 1 − 𝜀 with confidence 1 − 𝛿 is 1 − 𝜀. 
If 𝑅′ is a very large number (𝑅′ = 50000 is used in this case), it is impossible to solve the 

optimization problem directly. However, the objective function (23) is separable for fixed 
𝑎, 𝑏1, 𝑏2, 𝑏3: 

𝛽
𝜌𝑎(𝑏1𝑙1 + 𝑏2𝑙2 + 𝑏3𝑙2)

𝑐𝑤𝑒𝑖𝑔ℎ𝑡
+ 

+∑min
𝐕𝑠

𝑅

𝑠=1

[−𝛼𝑝𝑠
𝐸𝑠𝑎(𝑏1

3 + 𝑏2
3 + 𝑏3

3)

12𝑐𝑟𝑖𝑔𝑖𝑑
+𝑀𝑝𝑒𝑛𝑝𝑠(max(0,max

𝑖
 𝑉1,𝑠,𝑖 − 𝐴))

2]. 

(38) 

It is advantageous for a multi-core processor to compute the problem in parallel because 
the speed-up of the computations. The upper bounds of the obtainable reliability 1 − 𝜀 for different 
penalty coefficients 𝑀𝑝𝑒𝑛 are presented in Table 4 and Figure 4. The confidence level is   1 − 𝛿 = 

= 0.999.      

Tab. 4 - Summary of the reliability check 

Penalty R=25 R=100 R=200 
coeff. Opt.solution [mm]  Upp.b. Opt.solution [mm] Upp.b. Opt.solution [mm]  Upp.b. 
𝑀𝑝𝑒𝑛 𝑎     𝑏1     𝑏2 = 𝑏3   of 1 − 𝜀 𝑎      𝑏1       𝑏2 = 𝑏3  of 1 − 𝜀 𝑎      𝑏1       𝑏2 = 𝑏3   of 1 − 𝜀 

0.5 10  89.56   12.82    0.0000 10  89.65   12.86    0.0000 10  89.67   12.86     0.0000 

0.7 10  90.47   12.80    0.0000 10  90.56   12.86    0.0000 10  90.58   12.86     0.0000 

0.9 10  91.02   12.82    0.0223 10  91.11   12.86    0.0452 10  91.13   12.86     0.0429 

1 10  91.24   12.82    0.0753 10  91.32   12.86    0.0958 10  91.35   12.86     0.1144 

5 10  93.36   12.82    0.5746 10  93.45   12.86    0.5954 10  93.48   12.86     0.6067 

10 10  93.82   12.82    0.6766 10  93.93   12.86    0.7017 10  93.99   12.86     0.7171 

50 10  94.44   12.82    0.8147 10  94.60   12.86    0.8499 10  94.65   12.86     0.8720 

100 10  94.57   12.82    0.8432 10  94.77   12.86    0.8871 10  94.83   12.86     0.8935 

1000 10  94.90   12.82    0.8971 10  95.09   12.86    0.9565 10  95.13   12.86     0.9589 

10000 10  94.95   12.82    0.8971 10  95.23   12.86    0.9888 10  95.23   12.86     0.9814 

50000 10  94.96   12.82    0.8971 10  95.25   12.86    0.9935 10  95.25   12.86     0.9935 

107 10  94.96   12.82    0.8971 10  95.25   12.86    0.9941 10  95.25   12.86     0.9941 
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Fig. 4 – Upper bound of the obtainable reliability 1 − 𝜀 

CONCLUSION 

The applicability of the chance constrained stochastic programming approach to the civil 
engineering problem (a frame structure design) with a random parameter (Young's modulus) has 
been discussed. It has been shown that the chance constraint relates to the reliability of the 
structure. Two possible approaches have been used – the analytical approach and penalty 
reformulation. Both approaches have provided comparable solutions. Unlike the analytical 
approach, the penalty reformulation is applicable also for more complex problems. An a posteriori 
check of satisfying the chance constraint has been made, and the upper bounds of the obtainable 
reliability have been computed for different number of scenarios and penalty coefficients. Further 
research should focus on reaching higher reliability and also on problems with more random 
variables and joint chance constraints. 
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ABSTRACT 

This study examines the nonlinear free vibration behavior of beams affected by a fatigue 
crack. Initially, transverse vibrations of a cantilevered beam are demonstrated as a single-degree-
of-freedom system with equivalent mass and stiffness in the first mode. Subsequently, a novel 
bilinear stiffness model for beams with breathing cracks is introduced. Utilizing this model, the 
governing differential formula is formulated analytically using the Lindest-Poincaré perturbation 
method. The results indicate that the response derived through the perturbation method comprises 
2 distinct components. With stiffness equal to the mean of the crack's completely open and fully 
closed states, the first component depicts the system's reaction. The additional correction terms, 
supplementing the initial response, account for variations in stiffness resulting from crack opening 
and closing dynamics. These corrections elucidate the impact of changing equivalent stiffness on 
the system's response due to crack dynamics. Indeed, the correction terms encompass higher 
harmonic components that emerge in the response, stemming from the nonlinear behavior of the 
structure. These additional terms capture the intricate interplay between crack dynamics and system 
response, providing a comprehensive understanding of the system's nonlinear characteristics.  

KEYWORDS 

 Nonlinear vibration, Fatigue-crack, Bilinear stiffness, Natural frequency, Analytical method  

INTRODUCTION 

Fatigue cracks frequently manifest in structural components subjected to repetitive loads, 
posing a risk of failure if left undetected. Studies indicate distinguishable dynamic responses 
between defective and healthy structures, offering a potential avenue for detecting defects such as 
crack depth and location by quantifying these differences based on a model of the defective structure 
[1-3]. The majority of research in this area relies on linear models, where structural cracks are 
typically represented as continuously open grooves. In these models, alterations in natural 
frequencies and vibration mode shapes serve as primary indicators for detecting defects within the 
structure [4-7]. 

Dynamic analysis of cracked configurations holds promise as a valuable indicator for 
diagnosing faults. By examining the nonlinear behavior of vibrations, such as changes in frequency, 
amplitude, or mode shapes, engineers can detect and characterize structural defects, including 
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cracks [8-10]. Vibration analysis offers advantages over traditional linear approaches, as it can reveal 
subtle changes in structural behavior that may indicate the presence of defects even in their early 
stages [11-13]. Therefore, leveraging vibration analysis can enhance the accuracy and effectiveness 
of defect diagnosis in structures. In the context of crack modeling, numerous researchers have 
explored various models. For example, Rezaee and Maleki [14] examined the nonlinear behavior of 
a beam containing both open and closed cracks within its primary vibration mode. To this end, by 
some realistic presumptions, novel functions for displacement and stress fields are recommended. 
Peng et al. [15] performed an exploration focusing on the nonlinear characteristics of cracks through 
employing nonlinear output frequency response functions. Their analysis discerned that these 
graphs, elicited by system stimulation at optimal frequencies, exhibit pronounced sensitivity towards 
the detection of fatigue-induced cracks. Kharazan et al. [16] explore the nonlinear dynamics behavior 
of a cantilever beam affected by multiple breathing cracks. Their approach involves calculating the 
stiffness of a multi-cracked beam by introducing the concept of effective length to accommodate 
local stiffness reduction near cracks. Their research reveals that beams with a greater number of 
cracks or deeper cracks demonstrate significant softening behavior. Consequently, this softening 
behavior results in more prominent jumps in the system's response. Ma et al. [17] introduced a loose 
coupling analysis tactic for conducting vibration fatigue analysis on a simply supported beam 
subjected to typical harmonic excitation. The method assumes that the crack does not propagate 
during each vibration cycle but rather grows at the end of each cycle. This approach allows for a 
detailed investigation of the fatigue behavior of the structure under cyclic loading conditions, 
considering the dynamic effects of crack propagation on the overall system response. Zao et al. [18] 
conducted a nonlinear forced vibration analysis of an Euler-Bernoulli beam with multi-cracked while 
incorporating damping effects. Their study aimed to investigate the dynamics of a curved beam 
afflicted with multiple cracks under external excitation, considering nonlinearities and damping 
influences. Gaderi et al. [19] explored the dynamic and stability characteristics of cracked columns 
under axial load. Their study investigated the dynamic response and buckling of cracked columns 
under axial load. They researched the vibration and stability characteristics of columns with cracks 
to offer information on the behavior that may be exhibited by such columns, including possible modes 
of failure, which is vital in ensuring safety and reliability in structural systems for engineering 
applications. Long et al. [20] were motivated by the necessity for condition monitoring and fault 
diagnostics of beams employed in vibrating screens within the mining industry. In response to this 
challenge, they sought to establish a dependable model-based approach. Their focus centered on 
devising a novel stiffness matrix for a finite element to accurately simulate a beam affected by a 
breathing crack. Aggumus et al. [21] investigated the effects of cracks in the columns of a single-
degree-of-freedom steel structure scheme on system responses, focusing on the reduction in the 
equivalent spring coefficient. Hai and Nam [22] presented a simplified pattern of a cracked beam 
using a single-degree-of-freedom system. The equivalence between the beam and SDOF models 
ensures that they share the same fundamental natural frequency and exhibit similar frequency 
response functions. Kharazan et al. [16] explored the nonlinear vibration behavior of a cantilever 
beam with multiple breathing cracks. To achieve this, they calculated the stiffness of the multi-
cracked beam by introducing an effective length that accounts for the local stiffness reduction near 
the cracks. Additionally, Liu et al. [23] proposed a tactic for determining breathing fatigue cracks in 
compressor blades by leveraging the nonlinear characteristics induced by the cracks. 

Although many works recognize the presence of harmonic components in the dynamic 
response of faulty structures and their sensitivity to crack parameters, the time evolution of system 
parameters and the analytical explanation of such behavior is a challenging task. Therefore, most of 
the studies in this field are performed with the help of numerical or finite element methods. Yet their 
inherent numerical nature and computationally lengthy procedures make such approaches 
practically inapplicable for definition of dynamic fault indicators within the frames of vibration-based 
troubleshooting techniques. Recent research has indeed been conducted into the nonlinear 
dynamics of cracked structures through various methods of modeling. SDOF models have widely 
been used to simplify the system, while a bilinear stiffness model effectively realizes the dynamic 
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behavior of the crack opening and closing. Perturbation methods, among which the Lindest-Poincaré 
method is very outstanding, have emerged as powerful tools for studying nonlinear characteristics. 
However, substantial challenges arise. Most of the existing models fall short of providing an accurate 
description of the detailed impact of crack dynamics on the harmonic response of the system. 
Moreover, comprehensive studies that establish analytical relations between crack parameters 
depth and position-with the ensuing nonlinear behavior are scant. These lacunae indicate the need 
for more robust models and analytical approaches to enhance the understanding of cracked beam 
dynamics. 

This work seeks to relate the harmonic components present in the frequency spectrum of 
vibration responses of a cracked beam to both crack parameters and system characteristics 
analytically, with the help of the Lindest-Poincaré perturbation method. The transverse vibrations of 
a single-crack beam with open and closed fatigue cracks are modeled as a single-degree-of-freedom 
oscillator with bilinear stiffness. Accordingly, a new model for bilinear stiffness is presented, and by 
performing the mathematical operations and using the Lindest-Poincaré method, the governing 
differential formula is brought to a standard analyzable form. Then, employing the Lindest-Poincaré 
method, the system response is obtained, and the results are verified using numerical methods. This 
novelty develops the representative modeling of structural beams with cracks better and allows for 
better condition monitoring and fault diagnosis of vibrating screens in mining operations. 

SDOF MODEL OF A CRACKED BEAM 

In this study, an equivalent mass and stiffness SDOF system represents the free vibrations 
of a cantilever beam displaying a transverse fatigue fracture in its initial vibration mode (Figure 1). 
This modeling approach is grounded in equating the kinetic and potential energies of the cracked 
beam with those of the equivalent degree of freedom framework. 

L

xc

Breathing crack

 

(a) 

kclose kopen

d >0

 

(b) 

Fig. 1 - (a) Cantilever beam crack in and (b) the corresponding SDOF model 

The studies conducted on fatigue crack behavior display that the non-linear load-
displacement relationship of the cracked structure can be considered almost as a bilinear 
relationship [24] (Figure 2). As a result, when the beam vibrates, by changing the state of the crack 
between completely open and completely closed states, the equivalent stiffness changes between 
the equivalent stiffness values corresponding to these states. 
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Fig. 2  - Fatigue crack in the fractured beam's bilinear load-displacement diagram. 

The bilinear stiffness model, which consists of the combination of 2 lines with different slopes, 
is a function of the oscillation amplitude and is expressed as follows: 

𝑘(𝑑) = {
𝑘𝑐𝑙𝑜𝑠𝑒   𝑑 > 0
𝑘𝑜𝑝𝑒𝑛   𝑑 < 0 (1) 

Where the comparable stiffnesses in the completely open and fully closed crack states are 
represented, respectively, by the variables 𝑘𝑜𝑝𝑒𝑛 and 𝑘𝑐𝑙𝑜𝑠𝑒. The equivalent stiffness of an intact 

beam is derived according to: 

𝑘𝑐 =  
1

𝐶𝑐
  = ∫ 𝐸𝐼𝜑″2(𝑥)𝑑𝑥

 𝐿

 0

 (2) 

In this equation, Cc stands for the flexibility of a healthy structure, E is elastic modulus, I 
stands for the cross-section moment and L is the length. It is supposed that by applying suitable 
initial conditions, the beam vibrates in the first mode, so the mode shape of the first vibration of the 
beam is monotonous. Mukhopadhyay [25] has proposed the following approximate relationship to 
calculate the form of the first vibration mode of a cantilever beam: 

𝜓(𝑥) = 1 − 𝑐𝑜𝑠 (
𝜋

2

𝑥

𝐿
) (3) 

In most of the research in this field, the above relationship has been used to derive the 
equivalent mass and stiffness of the system. In this research, to increase the accuracy, the shape of 
vibration modes of the Euler-Bernoulli beam, which are obtained from the analytical solution of the 
equations of motion below, have been used: 

𝜑(𝑥) = 𝑐𝑜𝑠 𝛽 𝑥 − 𝑐𝑜𝑠ℎ 𝛽 𝑥 −
(𝑠𝑖𝑛 𝛽 𝑥 − 𝑠𝑖𝑛ℎ 𝛽 𝑥)(𝑐𝑜𝑠 𝛽 𝐿 + 𝑐𝑜𝑠ℎ 𝛽 𝐿)

(𝑠𝑖𝑛 𝛽 𝐿 + 𝑠𝑖𝑛ℎ 𝛽 𝐿)
 (4) 

In the above equation, the shape of the first vibration mode is obtained 𝜆𝐿 = 1.875. Figure 3 
shows the disparity between the analytical mode shape used in the current research and the 
approximate mode shape proposed in Ref. [25]. 
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Fig. 3  - The initial mode form of a clamped-free beam, derived from the approximation 
function suggested in Ref. [19] and the analytical resolution of the Euler-Bernoulli beam motion 

equations  

The equivalent stiffness with a completely open crack is obtained from the following 
relationship: 

𝑘° =
1

𝐶°
 (5) 

When the existence of fractures causes a change in the beam's flexibility (∆𝐶), expressed as 

𝐶° = ∆𝐶 + 𝐶. Dimarogonas et al. [26] have presented the following relationship to determine the 
change in the flexibility of a cantilever beam owing to the presence of cracks deep and at a distance 
from the free end of the beam: 

𝛥𝐶 = 𝑤
𝜕2

𝜕𝑃𝑖
2 ∫ 𝐽𝑑𝑎

 𝑎

 0

=
72𝑙𝑐

2𝜋(1 − 𝜈2)

𝐸𝑤𝑏4
𝜙 (6) 

In which, b and w denote the height and width, J remains the strain energy release rate and 
v is Poisson's ratio, and  𝜙 is obtained from the following relationship: 

𝜙 =  19.70
𝑎10

𝑏8
− 40.64

𝑎9

𝑏7
+ 47.45

𝑎8

𝑏6
− 32.78

𝑎7

𝑏5
+ 20.89

𝑎6

𝑏4
− 9.68

𝑎5

𝑏3
 

+4.45
𝑎4

𝑏2
− 1.06

𝑎3

𝑏
+ 0.67𝑎2 

(7) 

The equivalent mass of the beam is obtained as: 

𝑚 = ∫ 𝜑2(𝑥)𝑚(𝑥)𝑑𝑥
 𝐿

 0

 (8) 

In which m(x) stands the unit mass. According to the above assumptions, the governing 
differential equation of the equivalent system is obtained below: 

𝑚𝑥̈ + 𝑘(𝑥)𝑥 = 0 (9) 

Where x displays the displacement of the beam and relates to the displacement of the beam's 
free end. 

 

PRESENTING A NEW MODEL FOR BILINEAR STIFFNESS OF THE CRACKED BEAM 

It has been shown that if the differential equation governing a nonlinear dynamic system 
can be expressed in the form of Eq. (10), its answer can be obtained using the Lindest-Poincaré 
method, which is one of the perturbation methods [27]. 
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𝑥̈ + 𝜔𝑜
2𝑥 = 𝜀𝑓(𝑥, 𝑡) (10) 

Where ε is regarded as a tiny dimensionless factor and 𝜔0 remains the associated linear 
beam's inherent frequency. 

Equation 1 displays that the equivalent stiffness is a function of the oscillation amplitude. By 
considering the bilinear function provided for 𝑘(𝑑), the bilinear stiffness of the cracked beam is 
stated below: 

{
𝑘𝑐𝑙𝑜𝑠𝑒 = 𝑘(1 + 𝜀)

𝑘𝑜𝑝𝑒𝑛 = 𝑘(1 − 𝜀)
 (11) 

k displays the comparable average stiffness in the crack's completely open and fully closed 
states: 

𝑘 =
1

2
(𝑘𝑜𝑝𝑒𝑛 + 𝑘𝑐𝑙𝑜𝑠𝑒) (12) 

And ε is a dimensionless and small parameter defined as follows:  

𝜀 = −
𝑘𝑜𝑝𝑒𝑛 − 𝑘𝑐𝑙𝑜𝑠𝑒

𝑘𝑜𝑝𝑒𝑛 + 𝑘𝑐𝑙𝑜𝑠𝑒
 (13) 

Drawing from Equations 11 to 13 the subsequent novel model for the bilinear stiffness of 
the fractured beam is introduced: 

𝑘(𝑥) = 𝑘𝑥 + 𝜀𝑘|𝑥| (14) 

By substituting Equation 14 into Equation 9, the following is obtained: 

𝑚𝑥̈ + 𝑘𝑥 = −𝜀𝑘|𝑥| (15) 

By dividing both sides of Equation 15 on m, the governing differential equation is expressed 
in the following final form: 

𝑥̈ + 𝜔0
2𝑥 = −𝜀𝜔0

2|𝑥| (16) 

Where: 

𝜔0 = √
𝑘

𝑚
 (17) 

By comparing Equations 10 and 16, it can be seen that by presenting a new model for bilinear 
stiffness of the cracked beam model, the governing differential equation can be written in an 
analyzable form by the perturbation method. In addition, in this model, unlike time-varying stiffness 
models, the equivalent stiffness is a function of the oscillation amplitude, which has led to the 
formation of a non-linear differential equation. Certainly, such a model leads to a better 
understanding of the non-linear behavior of fatigue cracks compared to time-varying stiffness 
models. 

APPLICATION OF THE LINDEST-POINCARÉ METHOD 

In the current research, the Lindest-Poincaré method was used to obtain the system 
response [27]. Based on this, the response of the system and its frequency are considered as the 
following series: 

𝑥 = 𝑥0 + 𝜀𝑥1 + 𝜀2𝑥2+.. (18) 

𝜔 = 𝜔0 + 𝜀𝜔1 + 𝜀2𝜔2+. .. (19) 

According to 𝜏 = 𝜔𝑡, the derivatives of x in terms of time can be expressed in terms of the 
new variable as: 

𝑑𝑥

𝑑𝑡
= 𝜔

𝑑𝑥

𝑑𝜏
= (𝜔0 + 𝜀𝜔1 + 𝜀2𝜔2+. . . )

𝑑

𝑑𝜏
(𝑥0 + 𝜀𝑥1 + 𝜀2𝑥2+. . . ) (20) 
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𝑑2𝑥

𝑑𝑡2
= 𝜔2

𝑑2𝑥

𝑑𝜏2
= (𝜔0 + 𝜀𝜔1 + 𝜀2𝜔2+. . . ) 2

𝑑2

𝑑𝜏2
(𝑥0 + 𝜀𝑥1 + 𝜀2𝑥2+. . ) (21) 

By substituting Equations 18 to 21 in Equation 16, the following is obtained: 

(𝜔0 + 𝜀𝜔1 + 𝜀2𝜔2+. . . ) 2
𝑑2

𝑑𝜏2
(𝑥0 + 𝜀𝑥1 + 𝜀2𝑥2+. . . ) 

+𝜔0
2(𝑥0 + 𝜀𝑥1 + 𝜀2𝑥2+. . . ) + 𝜀𝜔0

2|𝑥0 + 𝜀𝑥1 + 𝜀2𝑥2+. . . | = 0 

(22) 

By arranging the above relationship in terms of increasing powers of ε, 3 differential 
equations are obtained as follows: 

𝜀0:  𝜔0
2 (

𝑑2𝑥0

𝑑𝜏2
+ 𝑥0) = 0 (23) 

𝜀1:  𝜔0
2 (

𝑑2𝑥1

𝑑𝜏2
+ 𝑥1) = −2𝜔0𝜔1

𝑑2𝑥0

𝑑𝜏2
− 𝜔0

2|𝑥0| (24) 

𝜀2:  𝜔0
2 (

𝑑2𝑥2

𝑑𝜏2
+ 𝑥2) = 

−2𝜔0𝜔1

𝑑2𝑥1

𝑑𝜏2
− (𝜔1

2 + 2𝜔0𝜔2)
𝑑2𝑥0

𝑑𝜏2
− 𝜔0

2
|𝑥0 + 𝜀𝑥1|

𝑥0 + 𝜀𝑥1
𝑥1 

(25) 

Equation 23 is a homogeneous differential equation whose solution yields the answer of the 
beam with the average equivalent stiffness in both the completely closed and open states of the 
fracture. This system, which is called the corresponding linear system, includes the main part of the 
answer. Equations 24 and 25 may be solved to determine the consequences of the crack's opening 
and closure on the system's reaction, which is produced by a change in equivalent stiffness. In this 
research, the second method is used. Thus, assuming the initial conditions of net displacement, the 
main part of the answer is obtained from the solution of the differential Equation 23 as follows: 

𝑥0 = 𝐴 𝑐𝑜𝑠 𝜏 (26) 

Where in: 

𝐴 = 𝐴0 + 𝜀𝐴1 + 𝜀2𝐴2 (27) 

In which, A0 is the initial displacement of the beam and A1 and A2 are determined in such a 
way that the initial conditions of the first and second-order correction sentences become zero. To 
remove only the secular term of Eq. (24), the following is obtained: 

−2𝜔0𝜔1

𝑑2𝑥0

𝑑𝜏2
= 0 (28) 

In which 𝜔1 = 0. By removing the secular term from Equation 24 and inserting the result 
obtained in Eq. (26) into it, this equation is expressed as: 

𝑑2𝑥1

𝑑𝜏2
+ 𝑥1 = −𝐴|𝑐𝑜𝑠 𝜏| (29) 

|𝑐𝑜𝑠 𝜏| is an even periodic function whose Fourier expansion is obtained as follows: 

𝑔(𝜏) =
2

𝜋
+ ∑

4

𝜋
{

1

(1 − 4𝑛2)
(−1)𝑛} 𝑐𝑜𝑠 2 𝑛𝜏

∞

𝑛=1

 (30) 

Substituting Equation 30 in Equation 29, the following is obtained: 
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𝑑2𝑥1

𝑑𝜏2
+ 𝑥1 = −𝐴𝑔(𝜏) = −𝐴 {

2

𝜋
+ ∑

4

𝜋
{

1

(1 − 4𝑛2)
(−1)𝑛} 𝑐𝑜𝑠 2 𝑛𝜏

∞∑

𝑛=1

} (31) 

As can be seen, the right side of Equation 31 consists of a constant value and a set of 
harmonic terms. By solving the differential equation, the private answer is obtained as follows: 

𝑥1 = −𝐴 {
2

𝜋
+ ∑

4

𝜋
{

1

(1 − 4𝑛2)2
(−1)𝑛} 𝑐𝑜𝑠 2 𝑛𝜏

∞

𝑛=1

} (32) 

In Equation 25, the expression (
|𝑥0+𝜀𝑥1|

𝑥0+𝜀𝑥1
) 𝑥1can be written as follows using Fourier 

expansion: 

𝑓(𝜏) = 𝑏0 + ∑ 𝑏𝑚 𝑐𝑜𝑠 𝑚 𝜏

∞

𝑚=1

 (33) 

Where the Fourier expansion coefficients are obtained as follows: 

𝑏0 =
1

𝜋
{ ∫ 𝑥̄1𝑑𝜏

 𝑧

 0

− ∫ 𝑥̄1𝑑𝜏
 𝜋

 𝑧

 } (34) 

𝑏𝑚 =
2

𝜋
{ ∫ 𝑥̄1 𝑐𝑜𝑠 𝑚 𝜏 𝑑𝜏

 𝑧

 0

− ∫ 𝑥̄1 𝑐𝑜𝑠 𝑚 𝜏 𝑑𝜏
 𝜋

 𝑧

 } ,  𝑚 = 1,2, .. (35) 

In which z is the place where the sign of the function (𝑥0 + 𝜀 𝑥1) changes and the average 

value of 𝑥̄1obtained in Equation 32. By calculating the above integrals, the Fourier expansion 
coefficients of Equation 33 are obtained as follows: 

𝑏0 = (
𝑏̄1

𝜋
) (2𝑧 − 𝜋) (36) 

And: 

𝑏𝑚 = (
4𝑏̄1

𝑚𝜋
) 𝑠𝑖𝑛 𝑚 𝑧 ,  𝑚 = 1,2, . .. (37) 

By placing the Fourier expansion provided for the expression (
|𝑥0+𝜀𝑥1|

𝑥0+𝜀𝑥1
) 𝑥1 in Equation 25, it 

can be seen that the first term of this expansion is a secular term, which requires the following 
relationship to be removed: 

−2𝜔0𝜔2(−𝐴 𝑐𝑜𝑠 𝜏) − 𝜔0
2(𝑏𝑚 𝑐𝑜𝑠 𝑚 𝜏)|𝑚=1 = 0 (38) 

So 

𝜔2 =
𝜔0𝑏1

2 𝐴
 (39) 

By removing the secular term from Equation 25 and solving this differential equation, the 
private answer is obtained as follows: 

𝑥2 = 𝑏0 + ∑ (
𝑏𝑚

1 − 𝑚2
) 𝑐𝑜𝑠 𝑚 𝜏

∞

𝑚=2

 (40) 

in which b0 is bm obtained from Equations 36 and 37 respectively. Finally, the response of the 
beam is achieved as follows: 

𝑥(𝜏) = 𝑥0(𝜏) + 𝜀𝑥1(𝜏) + 𝜀2𝑥2(𝜏) (41) 

where: 
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𝜏 = 𝜔 𝑡 (42) 

𝜔 = 𝜔0 + 𝜀2𝜔2 (43) 

Case Study Analysis and Discussion 

The geometric dimensions and mechanical characteristics of the steel beam with a crack are 
investigated as follows: beam length L=500 mm, beam cross section A=4×6.5 mm2, elastic modulus 
E=206 GPa, and density is ρ=7850 kg/m3. Moreover, the relative position of the fracture is indicated 
by β=xc/L, and its relative depth is shown by α=a/h, which is the ratio of the crack's depth to the 
beam's thickness. The initial conditions are the same in all the cases that will be examined. 

To verify the proposed model, the results from Ref. [28] are utilized. Specifically, a single 
beam with a length of 500 units and a cross-sectional area of 29×20 units is considered. The elastic 
modulus and density are assumed to be the same as previously described. Table 1 presents a 
comparison of the first natural frequency for varying crack depths. The results demonstrate a strong 
agreement between the findings of the present study and those of Ref. [28], with errors ranging from 
1.06% to 3.25%. However, the natural frequencies predicted by the present study are consistently 
higher than those in Ref. [28], attributed to the increased equivalent stiffness in the opening-and-
closing crack model. 

Tab. 1 - Natural frequencies (Hz) of the cracked beam  

Method 
Crack depth (mm) 

4  8 12 16 20 

Present work 593.7 585.8 586.8 581.9 569.1 
Ref. [28] 587.5 578.3 572.3 566.8 551.2 
Error (%) 1.06 1.30 2.53 2.66 3.25 

Figure 4 illustrates the comparison between the numerical solution of the bilinear crack model 
and the open crack model. The results demonstrate consistency in the upper cycles, where the crack 
remains open. In contrast, during the lower cycles, the closing of the crack results in reduced 
equivalent stiffness, leading to discrepancies between the two models. In Figure 4a and 4c, the 
upper and lower peaks of the response for both the corresponding linear system (fully open crack 
model) and the final response obtained using the Runge-Kutta numerical method are presented. The 
results indicate that while the highest peaks of the two graphs coincide, discrepancies are observed 
in the lower peaks. These differences arise due to the closing of cracks during the lower peaks, 
which reduces the system's equivalent stiffness. To address this discrepancy, a first-order correction 
term is introduced, as illustrated in Figure 4b. It is noteworthy that in the upper peaks, where the two 
graphs overlap, the correction term approaches zero. Figure 5 compares the analytical solution 
derived using the Lindest-Poincaré perturbation method with the numerical solution for the bilinear 
crack model. The close alignment between the two responses validates the accuracy of the analytical 
method in capturing the nonlinear dynamics of the cracked beam.  
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Fig. 4  - (a) Upper peaks of the response from the corresponding linear system (b) First-order 
correction term and (c) Lower peaks of the response from the corresponding linear system 

compared with the response obtained via the Runge-Kutta numerical method, for 𝛼 = 0.4 and 𝛽 =
0.4. 

 

Fig. 5  - (a) Upper peaks and (b) Lower peaks of the response obtained via the Lindest-Poincaré 
method following the application of the first-order correction, alongside the response from the 

Runge-Kutta numerical method, for 𝛼 = 0.4and 𝛽 = 0.4. 
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As the relative depth of a crack at a fixed position increases, its effect on the system's 
dynamic response is analyzed and presented in Figure 6. The results indicate a clear trend: the 
degree of reduction in the system's equivalent stiffness grows proportionally with the increase in 
crack depth. This reduction in stiffness introduces significant nonlinearities into the system's 
behavior, which, in turn, exacerbates the disparity between the response predicted by the numerical 
method and that of the corresponding linear system. A closer examination reveals that these 
discrepancies become particularly evident during the lower half-cycles of the system vibration. In 
this phase, the crack undergoes opening dynamics, resulting in a notable drop in the equivalent 
stiffness of the system. Consequently, the system exhibits larger deviations in the lower peaks of its 
response, as shown in Fig. 6. The lower peaks of the two graphs—representing the numerical 
method's reaction and the linear system's response—clearly illustrate this divergence. Furthermore, 
the increased crack depth not only magnifies the stiffness reduction but also intensifies the 
nonlinearity in the system's vibration behavior. This behavior underscores the critical role of crack 
parameters, such as depth, in influencing the system's dynamic characteristics. By comparing the 
lower peaks in Fig. 6, it becomes evident that the numerical method accurately captures the effects 
of crack dynamics, including the substantial impact of the crack opening and closing on the 
equivalent stiffness. These findings highlight the limitations of the linear system model in addressing 
such nonlinear effects and reinforce the necessity of incorporating nonlinear modeling approaches 
to achieve accurate predictions of the system's behavior under varying crack conditions. 

 

Fig. 6  - Comparison of the lower peaks of the response of the corresponding linear system and the 

final response obtained by the Rang-Kuta numerical method, for 𝛽 = 0.4and relative depths of the 

crack (a) 𝛼 = 0.2, (b) 𝛼 = 0.4 , and (c) 𝛼 = 0.6. 

As the relative crack depth increases while maintaining a fixed relative position, a noticeable 
augmentation in the discrepancies between the response of the corresponding linear system and 
that acquired through numerical methods occurs. This discrepancy expansion consequently leads 
to an increase in the range of fluctuations observed in the first-order correction term. This noteworthy 
phenomenon is vividly depicted in Figure 7. 
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Fig. 7  - First-order correction term of the response obtained using the Lindest-Poincaré method for 

varying relative positions 𝛽 = 0.4 and depths of the crack (a) 𝛼 = 0.2, (b) 𝛼 = 0.4 , and (c) 𝛼 = 0.6. 

The relative position of the crack, akin to the relative depth, exerts a notable effect on the 
vibration response of the cracked structure. In Figure 8, the impact of altering the crack's relative 
position while maintaining a constant relative depth on the range of fluctuations in the first-order 
correction term is explored. The first-order correction term's amplitude of fluctuations increases as 
the crack's location gets closer to the beam's cantilever end. This escalation signifies an intensified 
effect of crack opening and closing on the system's vibration response, consequently accentuating 
the system's nonlinear behavior. It is evident that the response of the system, with the application of 
the first-order correction, closely mirrors the final response obtained through numerical methods. 
The impact of the second-order correction term on the response is substantially lesser than that of 
the first-order correction term. However, it remains sensitive to crack parameters, exhibiting 
alterations in its shape during open and closed half-cycles. 

 

Fig. 8  - Correction term of the response obtained using the Lindest-Poincaré method for varying 

relative crack depths of 𝛼 = 0.5and positions (a) 𝛽 = 0.2, (b) 𝛽 = 0.5, and (c) 𝛽 = 0.8. 

Figure 9 illustrates the effect of increasing the relative depth of the crack while maintaining a 
fixed relative position, on the amplitude of fluctuations in the second-order correction term. The 
second-order correction term's range of variations grows in tandem with an increase in the relative 
fracture depth. 
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Fig. 9  - Second-order correction term of the response obtained using the Lindest-Poincaré method 

for relative positions 𝛽 = 0.4 and for 𝛼 = 0.2, 𝛼 = 0.4 and 𝛼 = 0.6. 

Furthermore, Figure 10 demonstrates how changes in the relative crack position affect the 
amplitude of fluctuations in the second-order correction term. As the crack's position approaches the 
end of the gripper with a fixed relative depth, the amplitude of fluctuations in the second-order 
correction term increases. 

 

Fig. 10  - Second-order correction term of the response obtained using the perturbation method for 

relative crack depths of𝛼 = 0.5and for 𝛽 = 0.2, 𝛽 = 0.5, and 𝛽 = 0.8. 

One of the primary features of the nonlinear behavior exhibited by the vibration response of 
a cracked structure, whether it possesses an open or closed crack, is the emergence of harmonic 
components in its response. In fact, the correction part of the answer obtained by the Lindest-
Poincaré method, which is added to the first term of the answer in order to apply the crack opening 
and closing effects is presented in Eqs. (31) and (39), include harmonic components. Is. In Figure 
11, the frequency response diagram obtained using the fast Fourier transform of the time trace 
obtained by the method presented in this research after adding the first-order correction term to the 
response of the corresponding linear system for the relative crack depth of 𝛼 = 0.5 and relative crack 
position of 𝛽 = 0.2 is drawn. It is clear that the first-order correction term includes harmonics in even 
multiples of the system's natural frequency, in which the harmonic component of 2X has the greatest 
effect on the system's response. Figure 12 shows the frequency spectrum of the response after 
adding the first and second-order correction sentences to the response of the corresponding linear 
system in the case of relative crack depth of 𝛼 = 0.5 and relative crack position of   β= 0.2  It becomes 
evident that upon incorporating the second-order correction term into the system response, odd-
order harmonics emerge in the frequency spectrum of the response. This divergence arises from the 
fact that while the first-order correction term solely encompasses harmonic components in even 
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multiples of the system's natural frequency, the second-order correction term encompasses 
harmonic components in all integer multiples of the system's natural frequency. Given that even 
harmonics correspond to order (2n) and odd harmonics correspond to order (2n+1), the range of 
even harmonics notably surpasses that of odd harmonics. Experimental and analytical findings from 
reference [29] also corroborate this observation. 

 

Fig. 11  - The frequency spectrum of the response, after the first-order correction term is applied, to 
changes in the relative location and depth of the fracture 

 

Fig. 12   -  When the relative depth and relative location of the crack are disturbed, the frequency 
spectrum of the reaction following the application of the first and second-order corrective phrases 

Figure 13 illustrates the variation in the natural frequency of the system under 2 conditions: 
assuming an open crack and assuming both open and closing crack states, as a function of the 
relative depth of the crack at a relatively fixed position. It is apparent that in both scenarios—
assuming an open crack and assuming both open and closing crack states—the increase in crack 
parameters results in a reduction in natural frequencies. However, the decrease in natural 
frequencies when assuming both open and closing crack states is less pronounced than when 
assuming the crack is solely open. 
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Fig. 13  - Dependent on the relative depth of the fracture in 𝛽 = 0.1, variation in the natural 
frequency with the assumptions of a fully open crack and an open and closing crack 

CONCLUSIONS 

This study looked at the nonlinear behavior of free vibrations in a single-span beam with a 
transverse fatigue fracture. There was a proposal for a new model for the bilinear stiffness of the 
beam with a fatigue fracture. Using this model, the bilinear differential equation governing the 
behavior of the cracked beam was derived in an analyzable form through the Lindest-Poincaré 
method. 

These findings reveal that the response obtained through the Lindest-Poincaré method 
comprises the aggregate response of the corresponding linear system and a series of correction 
terms. These correction terms account for the variations in the equivalent stiffness of the system 
during vibration induced by crack opening and closing, thereby incorporating harmonic components 
with correct coefficients of the system's natural frequency. This analysis elucidates the relationship 
between the nonlinear characteristics of the beam's behavior with fatigue cracks, as well as the 
harmonic components in the response, with the crack parameters and system characteristics. 
Notably, the correction terms encapsulate harmonic components in the response, with the governing 
rules expressing the analytical relationship between these components and the crack parameters 
and system characteristics. Furthermore, it is observed that the first-order correction term, which 
includes harmonic components in even multiples of the system's natural frequency, exerts a greater 
influence on the response compared to higher-order correction terms. 

Comparison between the behavior derived from this analytical solution and numerical 
solutions demonstrates a high degree of concordance across a broad spectrum of crack parameters. 
Additionally, graphs depicting frequency changes with crack parameters in both the open and closed 
crack models utilized in this research highlight a lesser reduction in natural frequency caused by real 
fatigue cracks exhibiting open and closed behavior compared to cracks solely in an open state. This 
observation is further corroborated by experimental results reported in the technical literature. 
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ABSTRACT  

 Augmented Reality (AR) is an established technique for both 2D and 3D visualisations in 
several fields such as sports, entertainment or culture (museums). However, in cartography or in 
GIS, it is still considered as a minor niche visualisation technique. Therefore, the aim of this paper is 
to present AR as a 3D visualisation method for land cover development. The presented output is a 
part of a mobile application for Android. Land cover GIS data obtained from historical and 
contemporary large-scale maps are processed using City Engine, resulting in the creation of several 
3D models viewed via augmented reality. Procedural modelling in City Engine is used to visualise 
3D land cover data such as buildings or forests (including coniferous, deciduous and mixed). Other 
land cover types (e.g. arable land, grassland or roads) are displayed as 2D textures. In this way, the 
user can experience an innovative perspective of land cover changes over time in a study area of 
Chudenice (a village in the southwest of Czechia). The 3D land cover maps are presented in two 
time periods (1837 and 2023). The 3D models are accompanied by a map legend, scale, north arrow 
and title, so that the user can keep track of the current model without the need for additional essential 
map information. 

KEYWORDS 

 Augmented reality, AR, Land cover, Visualisation, Old maps, City engine, Unity 

INTRODUCTION 

 The development of land use/cover is a topic that is covered from many science perspectives, 
such as ecology, history, geography or GIS and cartography. Almost every outcome in this specific 
research sector involves tables, charts or 2D maps [1, 2, 3, 4]. The focus of this paper is to visualise 
a land cover development in an innovative way and it is redundant to provide the reader (or a mobile 
application user) a new perspective on this topic. The presented visualisation consists of several 3D 
terrain models viewed via augmented reality (AR). These 3D models show the development of the 
study area in two different time periods (Table 1). With AR, user can view the virtual 3D terrain 
models using a mobile device (a phone or tablet).  
 The use of augmented reality is rapidly increasing due to the technological evolution, so it is 
being used not only in cartography, but also in many other domains. The main area of use is still 
entertainment, such as sports [5], video games [6, 7] or books [8]. Nevertheless, AR is being present 
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in many more serious domains, being culture (e.g. cultural heritage [9, 10, 11], arts [12], museums 
[13]), medicine [14], education [15], interior design [16] or industry [17, 18]. 
 Land cover/use changes are typically presented mostly as 2D maps (as mentioned above). 
However, a 3D visualisation of this phenomenon not only gives the reader a new perspective, but 
can also visualise the terrain more effectively by using the third dimension [19]. The terrain could 
undergo a massive change during the presented time, therefore it is important to correctly depict its 
changes in a certain scale. This is quite well possible in a presentation of a contemporary changes 
or those that have happened in the near past due to the airborne laser scanning and its outputs 
being very precise digital terrain models (DTM). The older mappings have to rely on a less accurate 
elevation that had been obtained with older surveying techniques, which often results in a less 
reliable comparison between two selected time periods [20]. Because of the very minor terrain 
changes in the study area and the scale of final visualisations, the DMR5G elevation model (data 
from 2023) provided by the Czech State Administration of Land Surveying and Cadastre (ČÚZK) 
[21] was used as a basis for both presented 3D models.  

Tab. 1 - Time periods of tracked land cover changes with map sources for data comparison 

 

Period Map basis 

1837 Imperial Obligatory Imprints of the Stable Cadastre 1:2,880 

2023 Basic Topographic Map of the Czech Republic 1:5,000 

Augmented reality 

 Augmented reality (AR) is defined as a real-time view of a physical world that has been 
enhanced by virtual information [22] and is a part of extended reality (XR). Other defined branches 
of extended reality are virtual reality (VR) and mixed reality (MR) as seen bellow in Figure 1. The 
difference between the types of XR lies in the degree of user immersion in the virtual world based 
on Milgram's real-virtual continuum (upper part of Figure 2) [23]. Virtual reality offers the most 
immersive experience for the user as it is presented through a headset that places the user directly 
in the virtual world. Mixed reality connects the real and virtual worlds, with the use of a headset or 
goggles, while a greater degree of immersion is still determined by the presence of the user as part 
of the virtual world. Augmented reality offers the lowest level of user immersion, as it 'only' enhances 
the real world with virtual elements. In some cases, there is almost no clear distinction between these 
types of XR, and the borderline cases can therefore sometimes be named, for example, both AR 
and MR. This claim is also supported by the evolution of technology, which makes the update and 
re-evaluation of the definitions on which Milgram's scheme is based necessary (lower part of Figure 
2) [24]. 

 
Fig. 1 – Extended Reality scheme [25] 
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 Augmented reality can be divided into several types according to different parameters [26, 
27] (e.g. according to display technology or orientation in real space), while the terminology is not 
clearly established and thus it is possible to encounter different names for the same type of 
augmented reality (e.g. location-based AR = geospatial AR = GPS AR [28]). To simplify the 
terminology, this paper only works with a certain subset of augmented reality types. These are the 
types of AR classifications based on the orientation in real space (markerless AR, marker AR and 
location-based AR).   

 

 
Fig. 2 – Milgram original reality-virtuality continuum (upper part) [23], Milgram revised reality-

virtuality continuum (lower part) [24] 

 The most basic visualisation method for augmented reality is markerless AR, which displays 
the virtual model based on the user's scan of an environment (e.g. a table or floor). Once the 
environment has been scanned, the virtual element can be placed in space and can be therefore 
moved (on scanned horizontal or vertical planes), rotated or resized. 
 Marker AR places the virtual object based on the recognition of a specific marker [29]. The 
object is directly tied to this marker. The applications are then divided into those that allow the user 
to move, rotate and resize the object - as in the previous case. The second type of applications uses 
the marker as an anchoring element that directly defines the size, rotation and position of the virtual 
model. In this case, the displayed virtual model is directly tied to the marker. 
 Location-based AR visualises the virtual model in a predefined location in the environment 
(e.g. city street or field) [30, 31]. Therefore, the model cannot be displayed at a different location 
using this method, as it is tied to a specific location. 

Study Area 

 The study area of a Chudenice is located in the south-western of Czechia on the border of 
the Domažlice and Klatovy district (Figure 3). The municipality consists of four cadastral communities 
Chudenice, Lučice, Bezpravovice and Slatina and its area is approximately 25 square kilometres. 
According to the latest census from 2021 [32], the population of the village was 733 inhabitants. The 
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figures in the text (Figures 5-7) are depicting AR models visualising the cadastral community 
Chudenice. 
 The first mention of Chudenice dates back to 1291 [33]. Until the end of the Second World 
War, the area was under administration of the Czernin family from Chudenice [34]. During this period, 
several cultural buildings were built here, making Chudenice a popular regional tourist destination. 
The most important buildings are the Old Czernin Castle, the Museum of Josef Dobrovský, the 
Church of St. John the Baptist, the Castle of St. Wolfgang and the Bolfánek observation tower (built 
on the ruins of the Church of St. Wolfgang) [35]. 

 

 

Fig. 3 – Map of the study area 

METHODS AND RELATED WORKS 

 Land cover changes are observed in two time periods, as shown in Table 1. The monitored 
types of land cover and its specification are described in Table 2 below. These are the land cover 
types that can be distinguished on both of the used map basis, historical (1837) and contemporary 
(2023). Some of the land cover types are visually merged for achieving a better interpretation and 
comparison at a given map scale. For example, used historical map distinguish three types of 
grassland (meadow, pasture and garden). Contemporary map uses only two of them (meadow and 
garden). Therefore, some way of adjusting the distribution and merging certain land cover types into 
larger groups was needed for a clearer overview on the area of interest, as visualised in Table 1. 
 This paper is concerned with the use of markerless AR for 3D cartographic visualisations, 
which is a method that is also described in a paper by Halik and Wielebski [36].They have developed 
a web AR application showing peaks of Polish mountains based on a digital terrain model (DTM) 
with an orthophoto map as a texture. The 3D models are supplemented with a scale, cardinal 
direction arrows and map labels making the map fully readable and informative with no need for any 
additional description. The presented models can be visualised both in a web browser and in 
augmented reality (if viewed on a mobile device). This approach allows the user to choose their way 
of viewing 3D scenes, which makes the application flexible in its visualisation methods, so it can be 
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examined by a larger amount of users and not only by those who want to use the AR experience. 
However, the aim of this paper is to visualise 3D landscape in augmented reality only, so the web 
application is not being developed at the moment.  
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Tab. 2 - Monitored land cover types derived from maps at a given time period 
 

Type 
Stable Cadastre (1837) Basic Topographic Map of the 

Czech Republic (2023) 

Arable land Arable land Arable land 

Grassland Meadow 
Pasture 
Garden 

Meadow 
Garden 

Forest Coniferous, deciduous and 
mixed forest 

Park 

Forest 
Park 

Water body Water body 
River 

Water body 
River 

Built-up Built-up space Built-up space 

Other Path and road 
Yard 

Barren land 
Graveyard 

Path and road 
Yard 

Barren land 
Graveyard 
Farm area 

 Another approach in a 3D landscape visualisation was presented by Lázna [37]. He used 
both marker and markerless AR for showing 3D scenes. Firstly, the markerless AR method works in 
a standard way of placing the 3D model after a plane detection is completed. Similarly, to the 
previous example, the models are created on a base of DTM with a texture from aerial imagery. 
Lázna is presenting several different cartographic models but most of them lack any additional map 
information such as a scale or labels. The result is presented as a mobile application developed in 
Unity, which is an approach that is carried with Chudenice AR presentation as well. His second 
presented method, the use of marker AR, is utilized for showing virtual models placed on a 3D printed 
relief after recognising a QR code. This method seems to be exciting because it connects the real 
physical model with virtual elements, which is an approach that should be more studied in the future 
due to its possible implementation in museums or education [38, 39].  
 Visualisation of the virtual model on a 3D printed terrain model is also described by Zhang et 
al. [40]. Their work is concerned with the use of AR as a 3D flood visualisation method and it presents 
the developed method as an innovative way of displaying the threat of natural disasters in AR, which 
can be helpful in avoiding the threat or lessening the consequences of flood. Another great example 
of 3D cartographic visualisation in AR is a connection between AR and printed school atlases, which 
is described by Schnürer et al. [41]. Their work presents 2D and 3D visualisations of thematic 
cartography maps that are enhancing printed school atlas with virtual elements such as charts or 
maps. Similarly to most of other mentioned works, this one is developed using Vuforia engine and 
Unity. Schnürer et al. had to solve a problem with an AR visualisation on a curved double-sided atlas 
map, which they resolved by anchoring a virtual object to the page with the biggest recognized part 
of the map. 
 3D Cartographic scenes in AR should always follow the rules of cartographic visualisations. 
In this case, a 3D cartographic scene is understood as a large scale cartographic visualisation of 
a landscape scenery complemented with schematic vegetation and buildings procedurally or 
manually modelled. As was mentioned before, not all works handle this topic correctly. Therefore, it 
is very important to make sure that the presented model is well recognisable, so the user does not 
lose track of its details or the position of viewed area in map. This can be done in several ways, but 
the most straightforward approach is to label the model well, as described by Halik [36, 42]. The 
labels can be minimalistic and user can toggle their visibility, so the labels could be turned on only if 
necessary. As the user moves the mobile device around the presented object, the labels should be 
always facing the camera, so they are well readable from every angle. 
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Processing of GIS data 

 The GIS data were obtained from historical and contemporary large scale maps (Table 1). 
The historical maps were manually vectorized and the contemporary map was already obtained in a 
vector format. Firstly, the historical maps had to be georeferenced. The Imperial Obligatory Imprints 
of the Stable Cadastre 1:2,880 were georeferenced on identical points with the use of affine 
transformation resulting in residuals around 3 meters. The State Map 1:5,000-derived was 
georeferenced with the use of projective transformation based on four corner points of the map 
sheets with residuals around 4 meters. The used methods of georeferencing are described by 
Cajthaml [43, 44], Janata [45] or Balletti [46]. As for the contemporary map, the Basic Topographic 
Map of the Czech Republic 1:5,000 in vector format was used for obtaining large scale land cover 
data. The forest composition data (coniferous, deciduous and mixed) were derived from CORINE 
Land Cover 2018 [47]. 
 The 3D terrain is based on a DMR5G elevation model, which is a very precise elevation 
model provided by the Czech State Administration of Land Surveying and Cadastre. This model is 
measured by the technique of airborne laser scanning with a mean elevation error between 0.18 m 
(exposed ground) and 0.30 m (forested ground) [21]. The terrain was converted into TIN and 
simplified relatively to the scale and visualisation use of the final virtual 3D models. All GIS work was 
done in ArcGIS Pro 3.2. 

RESULTS 

3D Land use models 

 
Fig. 4 – Workflow chart including used software versions 

 When the process of vectorization was completed, the vector data in shapefile (.shp) format 
were imported to City Engine (version 2023.0), where the data were used as a basis for procedural 
modelling. The schematic workflow chart of the data processing is shown in Figure 4. Procedural 
modelling generates 3D models based on rule files (.cga). These rules automatically apply a set of 
predefined rules for each 3D object (etc. house, tree, road) and use these rules randomly on the 
dataset at a set ratio. For example, user can define that 25% of the modelled houses will have hip 
roof, 35% will have pyramid roof and the rest will have gable roof. However, this set of rules is applied 
randomly or based on certain attributes of the geodata. Using .cga rules, procedurally modelled were 
simplified houses, forest areas and avenues based on methods described by Janovský et al. [48], 
Watson et al. [49] and Kitsakis et al. [50]. For a more immersive visualisation the height of a terrain 
was multiplied by the ratio of 1.5. Different models were generated for both tracked time periods 
depending on the vector land cover shapefiles.  
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Fig. 5 – Details of land cover 3D model 

 The generated 3D land cover model was then exported to Blender (version 3.5.1), where the 
terrain mesh had to be compressed [51] due to its visualisation on mobile platforms, which require a 
lower number of polygons (in 3D models) for a smoother presentation. This was done by Decimate 
modifier in Blender resulting in a significant decrease in a number of used polygons. Due to 
optimalisation of the 3D model for mobile platforms, the models of procedurally generated trees had 
to be also simplified, as seen in Figure 5. The coniferous trees were simplified more easily thanks to 
their pyramid shape. However, the deciduous trees are harder to generalise due to their rounded 
crown, which can be triangulated much trickier when compared to the coniferous trees. 
 In CAD software SketchUp (version 24.0.533), additional map information was added, such 
as the map scale, labels, legend and cardinal directions. The labels show the name of a viewed area 
and a reference year. The map legend describes the types of land cover with schematic 3D overlays 
(trees or buildings). Under the map legend the map scale and data sources are situated (Figure 6). 
Both 3D models are labelled in Czech language because they are prepared to be viewed mostly by 
the Czech users. Also, some of the more important or interesting buildings, such as Bolfánek 
observation tower (Figure 5), were modelled manually using CAD. At this point, both models were 
ready for visualisation in augmented reality. 

Visualisation in a mobile application 

 From CAD software, the models were imported to Unity game engine (version 2022.3.10f) in 
.fbx format, which is considered as the most convenient because of its good compatibility with Unity. 
This step was followed by application testing, which resulted in a several repeated steps of 
optimalisation of the visualised models due to the limits of mobile device performance. As the test 
device, Samsung A14 5G (2023) was chosen, which is a lower-class device, therefore if the 
application runs well on this device, it is considered to be working fine on most of the current mobile 
phones or tablets. The AR Foundation library (version 5.1.0) with plane detection was used for the 
AR visualisation and it was supplemented by additional C# scripting.  
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Fig. 6 – Comparison of final 3D models with land cover in 1837 (left) and 2023 (right) 

The final application firstly scans the surroundings and detects any horizontal planes (e.g. 
table, floor) using the AR Plane Manager (AR Foundation component). In the second step, the user 
can visualise the 3D cartographic land cover model by tapping on the detected plane, after which 
the model appears (as seen in Figure 7 - left side). Now, the user can rotate, move and scale the 
model using finger gestures (pinch or swipe). Using the button on the top left side of the screen, all 
scanned horizontal planes can be hidden making the model glued to its current position. However, 
it can be still rotated and scaled with finger gestures (Figure 7 - right side). By locking the position of 
the model, the user can interact with the model without accidentally moving it, so the details or the 
map legend can be viewed in a larger scale. 

 

Fig. 7 – 3D land cover visualisation in AR 
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DISCUSSION 

 The aim of this papers is to present the possibilities of visualising the development of land 
cover on a 3D terrain in augmented reality using native mobile application. As mentioned before, 
there are lot of different approaches for 3D cartographic visualisations in AR but all of them have to 
share two essential characteristics, which are key for the user experience and proper visualisation. 
The first one is a visual legibility of the model, which plays a huge role in understanding the map 
depicted on the 3D model (e.g. well readable text, recognizable colours or symbols). The second 
important characteristic is the preservation of cartographic principles, meaning that even the AR 3D 
model should be full-featured map with map scale, labels, legend and north orientation (if necessary). 
 When compared to work of Halik and Wielebski [36], the models presented in this paper 
share the same method of geographic orientation described by four triangles with symbols of a given 
cardinal direction. This seems to be the easiest way of describing the orientation of a 3D AR map. 
Additionally, the map legend and the map scale can be presented directly on the model regarding 
the shape of the Chudenice cadastral community. Also the scale of presented models is quite similar 
in this paper compared to their work. Both papers refer about large-scale 3D maps, which means 
that some details can be still preserved at this level of detail (forest composition, smaller land units, 
narrow pathways or types of buildings). Halik and Wielebski use orthophoto as the model texture, 
which could make the 3D model more visually appealing and realistic. On the other hand, the use of 
vectorised land cover used in this paper can give the user better awareness of the real use of certain 
land units throughout the whole area. Halik and Wielebski utilize the map labels very well because 
labels on their model aways follow the user's camera which makes the map very well readable from 
different angles. This feature should be incorporated to Chudenice AR map in the future.  
 Very important decision to consider in the future work is whether to use native mobile 
application built in Unity or to visualise AR models using web browser (using WebXR) as mentioned 
by Halik and Wielebski [36]. WebXR is easy to use for the user as they do not have to download 
a standalone mobile application. All they need is a standard web browser capable of visualising AR 
(e.g. Google Chrome or Safari), which is very convenient. On the other hand, this kind of visualisation 
only allows less complex models to be shown because everything is rendered via web browser. This 
also means that users need to have a good (and stable) internet connection, otherwise the 
application will not function. Although the native mobile applications require to be downloaded from 
Google Play or App Store, they can be viewed offline and can handle much more complex 
visualisations. With the use of native applications, the augmented reality can be more stable as well, 
which minimizes the model drifting in AR. More complex stable AR tracking methods are also (at the 
moment) only available through a native mobile application.  
 As Halik and Wielebski [36] mention, the combination of real world and virtual model create 
an immersive experience for the user. This experience can be enhanced by connecting the 
visualised models with printed maps (or map atlases) as described by Schnürer et al. [41]. The 
possibility of viewing 3D land cover models in AR on top of a 2D printed map (or a 3D printed model 
[37, 40]) will be the aim of author's future research because it is an interesting way of adding more 
map information that enhances the 2D/3D printed map with both static and animated cartographic 
data visualisations. The immersion and connection between physical and virtual environments is 
something that only augmented reality is capable of. Therefore, it is essential to explore its 
possibilities within thematic cartography and geovisualisation more deeply. AR can not only stand 
as another method of digital maps visualisation, but it can also visualise elements that could not be 
added (for different reasons) to printed 2D map. These can be interactive charts, infographics or 
audiovisual materials complementing and enhancing the physical printed 2D static map. 
 None of the above-mentioned works utilize procedural modelling for generating buildings or 
vegetation in AR, which is a feature that adds details to the whole 3D model, although the generated 
outputs are mostly schematic copies of real world. Most of the houses are procedurally generated, 
only few important models are created using CAD as seen in Figure 5. Although procedural 
modelling can be used widely in web based or VR applications rendered on a regular computer or 
laptop (as seen in works of Janovský et al. [48], Watson et al. [49] and Kitsakis et al. [50]), its 
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implementation in AR can be problematic mostly due to large number of generated polygons. This 
can lead to problems with stability and with lagging of the AR visualisation viewed through a mobile 
device, which is not (in most cases) comparable in its performance to computers or laptops. 
Procedural modelling combined with land cover map is the core part of this paper because there can 
be found only little information in visualising this kind of 3D map in AR among other studies. In the 
future, this approach can be enhanced by adding more levels of detail for every procedurally 
generated object. This will lead the way to optimize this visualisation so it can be available also 
through using a web browser. Another way to improve and enhance the visualisation is to make it 
more immersive using interactive information about the map such as attributes for a selected polygon 
or building. 

CONCLUSION 

 This paper is concerned with the use of augmented reality as a visualisation technique for 
3D land cover cartographic models. Because the AR visualisation has its specifics, mostly as it is 
directly tied to a mobile device, the use case of this method may differ and certain data visualisations 
are more suitable than other. The land cover data are well suited for being viewed via AR because 
the data is well visually recognised. However, the biggest issue of the presented technique is the 
scale of the viewed area. It is fundamental to select smaller area, otherwise the schematic landscape 
elements or buildings would not be clearly visible until the model is properly scaled. However, if the 
model would be scaled too much, it can lose track of the scanned horizontal plane, resulting in its 
drifting, which can make the user experience displeasing. The larger the area is, the sparser the 
schematic 3D landscape (mostly trees or other landscape elements) need to be due to hardware 
limitations of the mobile devices. The best example for this kind of visualisation is a mountainous 
area (because the plasticity and the depth of the model is then depicted better without no need to 
manually adjust the "Z factor" - scale of vertical axis). By following this, the model depth is increased 
while the visual proportions remain similar. Nevertheless, the topic will be studied further, and its 
results will undergo user feedback to help validate the best approach of a 3D land cover visualisation 
in AR. The emphasis will be mostly on adjusting the level of detail, number of polygons, used colours 
and a size of area of interest. The advantages and disadvantages of using web or native applications 
for this sort of AR visualisation should also be part of future research. 
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ABSTRACT 

In this study, we selected cement mortar as the research object, used the expanded perlite 

(EP) which adsorbed bacteria as the self-healing agent, and mixed basalt fibers to improve the 

properties. The effects of different dosages and sizes of self-healing agent and basalt fibers on the 

mechanical properties and self-healing properties of cement mortar were investigated by 

compressive strength, SEM, EDS, XRD, and optical microscopy tests. The results of the study 

showed that under the perfect conditions for ideal bacterial activity, the bacteria were able to survive 

in cement mortar using expanded perlite as a carrier and induced the generation of calcium 

carbonate precipitates to fill the cracks. The healing agent can significantly improve the self-healing 

property of mortar, and the fibers can adsorb metabolic precipitates to improve the self-healing rate 

of mortar. The simultaneous addition of healing agent and basalt fibers can realize the 

complementary advantages. By adding a small amount of healing agent and a moderate amount of 

fibers, we achieve 100% self-healing performance, and at the same time improve the compressive 

strength of mortar. In this study, the addition of 10% self-healing agent and 0.1% volume fraction of 

6mm long basalt fibers can not only achieve 100% self-healing performance, but also increase the 

compressive strength of the mortar by 7.96% when the curing age is 28 days. 

KEYWORDS 

Cement mortars, Bacteria; Basalt fibre, Self-healing, Mechanical property 

INTRODUCTION 

Concrete is one of the most widely used construction materials in the world, with applications 

ranging from infrastructure construction to high-rise buildings [1]. Despite its excellent compressive 

strength and durability, the brittle nature of concrete makes it susceptible to cracks when subjected 

to tensile stresses [2]. These cracks not only affect the overall strength of the concrete structure, but 
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also lead to the infiltration of water, chloride ions, and other corrosive substances, which accelerates 

the corrosion of the rebar and shortens the service life of the structure [3-5].  

How to effectively repair concrete cracks and extend the service life of the structure has been 

an important research topic in the field of civil engineering. The traditional concrete crack repair 

methods mainly include physical and chemical methods, such as grouting and daubing repair 

materials [6,7]. However, these methods often have limitations such as high repair cost, 

unsustainable effect, and polluting the environment. In order to overcome these limitations, in recent 

years, academic circles and engineering circles have begun to explore the use of biotechnological 

means to repair concrete cracks, wherein, Microbially Induced Calcium Carbonate Precipitation 

(MICP) has become a hotspot of the research due to its unique advantages. The main principle of 

Microbially Induced Calcium Carbonate Precipitation (MICIC) is a bioremediation technique that 

utilizes microbial metabolic activities to precipitate calcium carbonate at cracks [8-12]. Compared 

with traditional repair methods, MICP technology has the following significant advantages: economy 

and environmental friendliness. 

For MICP technology to repair cracks, the survival rate of microorganisms in cement mortar 

directly affects the level of repair rate of cracks. The hydration reaction of cement during the mixing 

process leads to a very high alkalinity within the concrete, with a pH value of approximately 11-13 

[12]. At the same time, the continuous hardening of the concrete during the curing process also 

squeezes the living space of the internal bacteria and thus causes bacterial death. Therefore, the 

bacteria incorporated into the mortar must be able to adapt to the highly alkaline environment. 

Bacillus is an alkalophilic solitary anaerobic spore-producing bacterium that can produce spores and 

survive in highly alkaline environment, and it is the most widely used microorganism in related 

research at present [13]. However, some studies have also shown that placing bacteria in concrete 

for a long period of time leads to a decrease in the survival rate of spores [14-16]. This is due to the 

high alkalinity of the internal environment of the concrete, and the products of the hydration reaction 

compress the internal environmental space, resulting in the death of some bacteria. Therefore, the 

problem of bacterial survival should be considered when incorporating bacteria into geopolymer 

mortar. Fixing the bacterial spores in the protective carrier can significantly increase the survival rate 

of bacteria and enhance the self-healing ability of concrete. Expanded perlite (EP), limestone powder 

(LSP), ceramsite and their modified materials are common bacterial carriers that can increase the 

survival rate of bacteria, increase the ultimate self-healing width of cracks in concrete, and improve 

the self-healing efficiency of concrete [17-20]. Among them, fibers, as a common additive material in 

concrete, can also be used as a carrier for bacteria. The fibers were modified with high temperature 

or alkali solution, and the bacteria was adsorbed on the fiber surface and incorporated into the 

concrete [21]. This can not only effectively weaken deformation localization, reduce damage degree, 

enhance fracture bridging, and improve the mechanical properties and durability of concrete through 

prolonging plastic deformation and preventing breakage by fibers, but also be beneficial to the early 

repair of microcracks, and significantly improve the self-healing performance of concrete [21-25]. 

In this study, we selected the cement mortar as the research object, used the expanded perlite 

(EP) which adsorbed bacteria as the self-healing agent, and replaced the standard sand by equal 

volume. Meanwhile, we considered mix basalt fibers (BF) to improve the performance of the mortar. 

We tested the mechanical properties of cement mortar based on microbial mineralization by 

experiments, observed the self-healing properties of macroscopic cracks, and revealed the coupling 
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mechanism of incorporated microorganism and fibers to improve the properties of geopolymer 

mortars.  

MATHERIALS AND METHODS 

Materials 

Cement 

The cement used in the test is P.042.5R ordinary Portland Cement produced by Ningguo 

Cement Factory of Anhui Conch Cement Co., Ltd. Its chemical composition is shown in Table 1. 

Tab. 1 - Chemical Composition of the Cement 

Chemical 

Composition 
CaO SiO2 Al2O3 Fe2O3 Na2O K2O SO3 MgO 

Content (%) 64.84 20.14 4.94 3.83 0.25 0.88 3.02 1.34 

Expanded perlite 

The inorganic porous material used in the test is expanded perlite, which was purchased 

through Shanhe New Material Co., Ltd, Xinyang City, Henan Province. The basic parameters of 

expanded perlite are shown in Table 2. The diameter of the expanded perlite used in the test is in 

the range of 2~4mm, as shown in Figure 1, which is the morphological characteristics of the 

expanded perlite and its microscopic characterization under the electron scanning microscope. The 

adsorption rate of expanded perlite is low, but the open part of the pores absorbs solution faster than 

other aggregates, it is often used as a protective carrier for bacteria, and can protect the bacteria 

from the influence of cement hydration reaction in the mortar to ensure the survival capacity of the 

bacteria. 

Tab. 2 - Basic Parameters of the Expanded Perlite 

Chemical 

Composition 
SiO2 Al2O3 Na2O K2O Fe2O3 CaO MgO Others 

Loss on 

Ignition 

Content (%) 73.72 14.25 4.24 3.95 0.86 0.76 0.32 0.44 1.46 

 

(a) Macroscopic Appearance   (b) Scanning Electron Microscopy Features 
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Fig. 1 - Expanded Perlite 

The basalt fibers used in the test were produced by Changsha Ningxiang Building Materials 

Co., Ltd, with lengths of 6 mm and 12 mm respectively, diameters of 17 μm, specific gravities of 

2.8~3.3 g/cm3, and elastic modulus of 100 GPa. The morphology of the basalt fibers is shown in 

Figure 2. In the concrete, basalt fibers tend to create agglomerates. In order to avoid such problems, 

basalt fibers should be fully separated before mixing. 

 

(a) 6mm                   (b) 12mm              (c) Comparison 

Fig. 2 - Basalt Fibers Morphology 

Culture of Bacteria and Preparation of Self-healing Agents 

The bacteria used in this study is Bacillus Pseudofirmus (CICC 10722), which was purchased 

from China Center of Industrial Culture Collection (CICC). It has the characteristics of high 

temperature resistance, strong ability of secreting enzymes, and high efficiency of spore 

transformation into bacteria. The reaction mechanism for the conversion of calcium lactate to calcium 

carbonate by Bacillus Pseudofirmus is as follows [26-28]:  

CaC6H10O6+6O2→CaCO3↓+5H2O+5CO2                                               (1) 

The process of bacterial culture is as follows: Firstly, we prepared a solid medium for bacterial 

solution, and the main material was nutrient gravy agar. In addition, when cultivating Bacillus, it was 

also necessary to add an additional 5mg of MnSO4·H2O to promote the growth of Bacillus. Then, we 

sterilized the culture medium and adjusted the pH value of the culture medium to 9.7 using a sterile 

solution of 1mol/L sodium sesquicarbonate. Finally, we poured the adjusted medium and bacterial 

mixture into a conical flask and placed it on a constant temperature shaker to culture for 24 hours at 

a temperature of 30℃ and an oscillation frequency of 120r/min. After the culture was completed, we 

centrifuged it at 8000rpm for 5 minutes, and collected bacterial spores and diluted them with distilled 

water to obtain the required bacterial concentration. 

Expanded perlite cannot be used directly to adsorb bacteria. Firstly, we took out enough 

expanded perlite into a large beaker and poured enough water to fill the beaker to clean the 

expanded perlite. The low-density expanded perlite would float on the water surface and the 

impurities would be deposited to the bottom of the water. Then, we placed the cleaned expanded 

perlite on a filter screen to filter the water, evenly spread the expanded perlite in the rectangular tray 

after the water was filtered, and weighed and recorded the common weight of the tray and expanded 

perlite. Finally, we placed the expanded perlite in the drying box and adjusted the temperature for 

drying. In the process of drying, we took out and weighed a portion of the expanded perlite at regular 



 

  Article no. 4 
 

THE CIVIL ENGINEERING JOURNAL 1-2025 
 

 

  DOI 10.14311/CEJ.2025.01.0004      46 

intervals until the weight of the expanded perlite remained constant. At this point, the dried expanded 

perlite could be used as a carrier for the solidified bacteria. 

After preparing the expanded perlite, we took out the pre-configured bacterial solution and 

shaked it well to ensure that the bacterial solution could be evenly distributed in the culture solution. 

We measured the required distilled water according to the demand of bacterial concentration, and 

mixed the distilled water with the bacterial solution to prepare the bacterial solution of specific 

concentration, and the bacterial solution could be evenly distributed in the water by continuing to stir. 

After completing the dilution of the bacterial solution, we poured the above-mentioned spare 

expanded perlite into the bacterial solution container to absorb the bacterial solution. There was a 

problem of the expanded perlite floating on the upper surface of the liquid due to its low density. 

Therefore, it was necessary to use a plastic film to cover the upper surface of the liquid and apply 

downward pressure with a heavy object so that all the expanded perlites could be suspended in the 

liquid to fully absorb the bacterial solution. After standing at room temperature for 24 hours, we 

removed the plastic film on the upper surface of the container, and poured the mixture of the 

expanded perlite and bacterial solution in the container into a funnel net to separate the outflow liquid. 

We evenly spread the expanded perlite adsorbed with bacterial solution on the tray for weighing, 

after adjusting the oven to 40°C, we placed the tray into the oven for drying. We removed and 

weighed the tray at regular intervals until the weight of the tray remained constant, indicating that 

the expanded perlite was completely dry. Compared with the weighing results of the expanded perlite 

before absorbing the bacteria, it could be seen that the weight of the expanded perlite increased by 

8 grams per 100 grams, which indicated that the bacteria had been adsorbed to the interior of the 

expanded perlite. This result is consistent with the research result of Tziviloglou[29] et al. 

Specimen Preparation 

Cement mortar specimens were prepared using ISO standard sand, ordinary Portland cement, 

tap water and expanded perlite loaded with bacteria. According to the test purpose, the mix ratio was 

designed, and ten groups of cement mortar specimens with different mix ratios of admixtures were 

determined, as shown in Table 3. Among them, the expanded perlite (EP) specimens mixed with 

immobilized bacteria only were used as the control group, with the dosage of 10% and 30% equal 

volume instead of standard sand, respectively, and the codes were labeled as groups P1 and P6. 

The cement mortar with 10% expanded perlite was further added with 0.1% volume fraction of 6mm 

fibers and 12mm fibers, and 0.5% volume fraction of 6mm fibers and 12mm fibers, respectively, and 

the codes were labeled as P2, P3, P4, and P5. The cement mortar with 30% expanded perlite was 

further added with 0.1% volume fraction of 6mm fibers and 12mm fibers, and 0.5% volume fraction 

of 6mm fibers and 12mm fibers, respectively, and the codes were labeled as P7, P8, P9 and P10.  
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Tab. 3 - Mix Ratio of Cement Mortar Specimens 

Group Code 
Water 

(g) 

Cement 

(g) 

Sand 

(g) 

Expanded Perlite 

(g) 
Basalt Fibers (g) 

EP10 P1 175 350 630 4.7 — 

EP6F10-0.1 P2 175 350 630 4.7 0.5 

EP12F10-0.1 P3 175 350 630 4.7 0.5 

EP6F10-0.5 P4 175 350 630 4.7 2.5 

EP12F10-0.5 P5 175 350 630 4.7 2.5 

EP30 P6 175 350 490 14.1 — 

EP6F30-0.1 P7 175 350 490 14.1 0.5 

EP12F30-0.1 P8 175 350 490 14.1 0.5 

EP6F30-0.5 P9 175 350 490 14.1 2.5 

EP12F30-0.5 P10 175 350 490 14.1 2.5 

 

The preparation process of the cement mortar specimens is as follows: 

(1) We poured the weighed cement, standard sand, expanded perlite with solid bacteria, and fibers 

into the mixer, and the mixture was dried stir at low speed for 30 seconds to fully mix the raw materials. 

(2) We added water, and the mixture was continued to be stirred at low speed for 60 seconds, and 

then we used a shovel to treat the mortar bonded to the inner wall and the bottom layer of the mixing 

pot, and fully mixed the raw materials. 

(3) We stirred the mixture at high speed for 90 seconds, then stopped stirring.  

(4) We poured the mortar into the mold and vibrated it thoroughly. Then we used polyethylene film 

to wrap the surface of the mold to prevent the loss of water in the mortar, demolded after 24 hours 

of curing, and put it into 20±1℃ water to continue curing. 

Preparation and healing methods of cracks 

In the process of studying the effect of bacteria-adsorbed expanded perlite and fibers on the 

self-healing ability of mortar, it was necessary to preform cracks on the specimens that have 

completed the curing. The preparation process of cracks is shown in Figure 3. Among them, the 

cement mortar specimens were maintained for 28 days. Firstly, we put the cube specimen with a 

side length of 40mm into the compressive test area of YAW-300H universal material testing machine, 

and placed a needle with a diameter of 1.5mm and a length of 1cm at the bottom of the specimen. 

Then, we turned on the pressure tester to apply pressure, and set the compression speed of the 

press to 2.4 kN/s. When the applied pressure reached about 7 kN, the specimen would crack. At this 

point, we stopped the continued application of pressure and the specimen formed a crack on both 

sides that was wider at the bottom and thinner at the top. To prevent the pre-cracked specimen from 

fracturing as a whole, we could wrap the specimen with black insulating waterproof tape to maintain 

the integrity of the specimen. 
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Fig. 3 - Preparation of Cracks 

During the self-repairing process of mortar, bacteria required water and a calcium source. 

Therefore, during the self-repairing period, we placed the specimen in water, and added an 

appropriate amount of calcium lactate to the water, and stirred until uniform. According to the 

research report of Ryparová [31], the spores of Bacillus pseudostrongylus were able to survive in 

the temperature range from -20°C to 140°C and showed optimal reproductive and metabolic 

efficiency at 30°C. Therefore, in the process of self-healing curing of the specimen, we placed a 

constant temperature heater to keep the water temperature constant at 30℃. Since the 

mineralization process of Bacillus pseudotoughii required the involvement of oxygen, we used a 

small oxygenating pump to aerate the water to keep Bacillus pseudotoughii at its most metabolically 

active state. The results of this study were obtained based on the activity of bacteria under the above 

ideal perfect conditions. 

Testing Process 

Compression Experiment 

We used YAW-300H universal material testing machine to carry out the compressive test, as 

shown in Figure 4. We put the maintained cube mortar specimen into the compressive test area of 

the testing machine. During the test, the compression speed was controlled to be 2.4kN/s. When the 

specimen reached the limit state and broke, we stopped the test and recorded the load value P at 

the time of failure. Formula (2) was used to calculate the compressive strength of the specimen. 

                                        𝜎 =
𝑃

𝑏2
                                        (2) 

where P is the failure load, b is the side length of the cube specimen. 
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 Fig. 4 - YAW-300H Universal Material Testing Machine 

Crack Observation 

(1)  Pictorial representation  

After the specimen completed pre-cracking, we marked both sides of the crack using a red 

waterproof neutral pen to facilitate observation of the healing progress of the crack. On day 0, 3, 7 

and 28 of the healing of the specimen, we observed the crack using a GAOPIN GP-660V microscope, 

and measured the crack-marked areas using the software VPAPlatform, which is matched with the 

microscope, and took photos to record the results of the width of the cracks, as shown in Figure 5. 

We calculated the crack repair rate according to the crack widths measured at different repair ages. 

The calculation formula is shown in formula (3). 

                                      Rw =
W0−Wt

W0
×100%                            (3) 

where Rw is the crack repair rRate, W0 is average width of the initial crack, Wt is Average 

width of the crack at healing time t. 

 
Fig. 5 - GAOPIN GP-660V Microscope 

(2)  Healing rate of the crack area  

After using VPAPlatform software to photograph the specimen with crack, we imported the 



 

  Article no. 4 
 

THE CIVIL ENGINEERING JOURNAL 1-2025 
 

 

  DOI 10.14311/CEJ.2025.01.0004      50 

image into ImageJ software and set the scale, then selected the crack area and used the analyze 

function to calculate the crack area. We calculated the healing rate of the crack area according to 

the area measured before pre-cracking and after 28 days of curing, and the calculation formula was 

shown in Formula (4). 

                                        𝜔 =
𝑆0−𝑆𝑡

𝑆0
×100%                            (4)          

where ω is the healing rate of the crack area, S0 is crack area at pre-cracking, St is crack area 

at repair age of t days. 

Microscopic Analysis of Healing Products 

After the pre-cracked mortar specimen was maintained in water for 28 days, we took out the 

specimen and wiped the surface moisture, put it into an oven at 50 ° C, took out and weighed at 

regular intervals until constant weight. Then, we collected the product at the crack of the specimen, 

and observed and analyzed the microstructure of the product by SEM, EDS and XRD tests. 

RESULTS 

Compressive Strength 

Compressive strength is one of the basic mechanical properties of concrete, and it is also a 

common evaluation index of concrete properties. The cement mortar specimen with the size of 

40mm×40mm×40mm was prepared for compressive strength test experiments. Figure 6 gives the 

results of compressive strength test of specimens at day 3, 7 and 28 with different mix proportions 

of admixtures in cement mortar. As shown in the figure, the cement particles continuously underwent 

hydration reaction during the curing process and the compressive strength of the cement mortar 

specimens increased with the increase of curing age. By comparing the test results in Figure 6 (a) 

and (b), it could be found that the compressive strength of the cement mortar specimens decreased 

with the increase of the expanded perlite dosage. This was due to the large amount of internal pores 

of expanded perlite and lower strength. Adding expanded perlite to the cement mortar specimens 

increased the porosity of the cement mortar and decreased the average strength of the cement 

mortar [32]. In addition, it could be seen from the figure that the effect of fibers on the compressive 

strength of cement mortar was not the same when expanding perlite with different dosages of solid-

loaded bacteria was added to the cement mortar. 

As shown in Figure 6 (a), when 10% bacteria-adsorbing expanded perlite was added to the 

cement specimens, with the increase of the dosage of basalt fibers, the compressive strength of the 

cement mortar specimens showed a trend of first increasing and then decreasing. This indicated that 

the moderate addition of fibers could improve the compressive strength of cement mortar, and 

excessive addition of fibers would reduce the compressive strength of cement mortar. This was 

because the fibers played a bridging role in the cement mortar, which could limit the formation and 

expansion of cracks and improve the compressive strength of the cement mortar. With the increasing 

dosage of basalt fibers, the fibers would agglomerate inside the cement mortar. The fibers were not 

only not embedded into the cement mortar to form a tight whole, but also formed pores in the cement 

mortar, which reduced the strength of the cement mortar [33]. Under the condition of low fibers 

dosage, with the increase of the length of the basalt fibers, the compressive strength of the cement 
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mortar specimens also showed the trend of first increasing and then decreasing; under the condition 

of high fibers dosage, with the increase of the length of the basalt fibers, the change of compressive 

strength of the cement mortar specimens was not obvious. This was because under the condition of 

low fibers dosage, short fibers were more easily embedded in the cement mortar to play a bridging 

role, improve the compressive strength of the cement mortar, while long fibers were easy to 

agglomerate in the cement mortar and reduce the compressive strength of the cement mortar. Under 

the condition of high fibers dosage, both short fibers and long fibers agglomerated inside the cement 

mortar, which reduced the compressive strength of the cement mortar. 

As shown in Figure 6 (b), when 30% bacteria-adsorbing expanded perlite was added to the 

cement specimen, with the increase of the dosage of bacteria-adsorbing expanded perlite, the effect 

of basalt fibers dosage showed differences. With the increase of the dosage of basalt fibers, the 

compressive strength of the cement mortar specimens showed an increasing trend within a certain 

range. Compared with the control group (P6), the compressive strength of all the specimens showed 

increase to varying degrees. This was because the increase of expanded perlite dosage led to more 

pores in the specimens, and the bridging effect of basalt fibers was more obvious. By connecting the 

pores, the loss of compressive strength of the specimens was reduced, and the optimal dosage of 

basalt fibers was therefore increased. In addition, with the increase of the dosage of bacteria-

adsorbing expanded perlite, the effect of the adding length of basalt fibers also showed differences. 

Under the condition of different fibers dosage, with the increase of the length of basalt fibers, the 

compressive strength of the cement mortar specimens all showed a tendency of increasing first and 

then decreasing. This was because short fibers were more easily embedded in cement mortar and 

played a bridging role to improve the compressive strength of cement mortar, while long fibers were 

more likely to agglomerate in cement mortar and reduce the compressive strength of cement mortar. 

Moreover, even under the condition of high fibers dosage, there were a large number of pore 

dispersed short fibers in the expanded perlite with high dosage, and short fibers would not 

agglomerate inside the cement mortar. 

 

(a) 10% Expanded Perlite Specimens          (b) 30% Expanded Perlite Specimens 

Fig. 6 - Column Charts of Compressive Strength Tests 

Figure 7 gives the variation relationship between the compressive strength and the length of 

basalt fibers of specimens with 10% expanded perlite added at different curing ages. As shown in 

the figure, when the volume fraction of basalt fibers was 0.1%, the compressive strength of the 
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mortar specimens added with 6 mm (P2) and 12 mm (P3) long fibers improved to different degrees 

compared with the control mortar specimens (P1) without fibers. Among them, the mortar specimens 

added with 6mm long basalt fibers had the most significant compressive strength improvement effect, 

and the growth rate could reach 7.96% when the curing age was 28 days. When the volume fraction 

of basalt fibers was 0.5%, the change of compressive strength of the mortar specimens with 6mm 

(P4) and 12mm (P5) long fibers was not obvious. When the curing age was 28 days, the compressive 

strength of the mortar specimens even decreased, with a decrease rate of 3.24% and 2.31% 

respectively.  

Figure 8 gives the variation relationship between the compressive strength and the length of 

basalt fibers of specimens with 30% expanded perlite added at different curing ages. As shown in 

the figure, when the volume fraction of basalt fibers was 0.1%, the compressive strength of the 

mortar specimens (P7) added with 6mm long fibers increased by about 2.87% in the curing age of 

28 days compared with the mortar specimens (P6) of the control group. The compressive strength 

of the mortar specimens (P8) added with 12mm long fibers improved to some extent in the early 

curing period, but the compressive strength was basically the same as that of the control group at 

the curing age of 28 days. When the volume fraction of basalt fibers was increased to 0.5%, the 

compressive strength of mortar specimens added with 6mm (P9) and 12mm (P10) long fibers 

increased to different degrees. Among them, the mortar specimens added with 6mm long basalt 

fibers had the most significant compressive strength improvement effect, and the growth rate could 

reach 12.02% when the curing age was 28 days. 

 

(a) The volume fraction is 0.1%           (b) The volume fraction is 0.5% 

 Fig. 7 - The relation between compressive strength and basalt fibers length of specimens 

added with 10% expanded perlite 
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 (a) The volume fraction is 0.1%          (b) The volume fraction is 0.5% 

Fig. 8 - The relation between compressive strength and basalt fibers length of specimens 

added with 30% expanded perlite 

Figure 9 and figure 10 respectively give the variation relationship between the compressive 

strength and the volume fraction of basalt fibers of the specimens with different dosages of expanded 

perlite at different curing ages. As shown in the figure, for the mortar specimens added with 10% 

expanded perlite, when 6mm and 12mm fibers were added, the compressive strength of the 

specimens showed an increase at low fibers dosage (0.1%) and a decrease at high fibers dosage 

(0.5%). For the mortar specimens added with 30% expanded perlite, the compressive strength of 

the specimens showed an increase with the increase of fibers dosages when 6mm and 12mm fibers 

are added. 

 

(a) The basalt fibers length is 6mm         (b) The basalt fibers length is 12mm 

Fig. 9 - The relation between compressive strength and basalt fibers fraction of specimens 

added with 10% expanded perlite 



 

  Article no. 4 
 

THE CIVIL ENGINEERING JOURNAL 1-2025 
 

 

  DOI 10.14311/CEJ.2025.01.0004      54 

 

(a) The basalt fibers length is 6mm         (b) The basalt fibers length is 12mm 

Fig. 10 - The relation between compressive strength and basalt fibers fraction of specimens 

added with 30% expanded perlite 

In summary, different dosages of expanded perlite had different effects on the internal pores 

of mortar specimens. With the increase of the expanded perlite dosage, the pores in the mortar 

specimens increased, the optimal dosage of basalt fibers increased, and the bridging effect of fibers 

became more obvious. Under the condition that the size of the mortar specimens was 

40mm×40mm×40mm, the spacing between the internal pores of the specimens was very small, and 

the fibers with a length of 6mm could always play a role without negatively affecting on the 

compressive strength of the mortar specimens to the maximum extent, while the fibers with a length 

of 12mm were easy to agglomerate, which reduced the compressive strength of the mortar 

specimens. 

Self-healing Performance 

The crack self-healing property of cement mortar has an important influence on the overall 

property of the material, and the healing rate and healing degree determine the influence degree to 

which the internal material is affected by the external environment. The crack self-healing property 

of cement mortar can be evaluated by observing the healing conditions of cracks on the surface of 

specimens under different curing age conditions. Figure 11 gives the self-healing results of the 

cement mortar specimens added with 10% expanded perlite at 0, 3, 7 and 28 days after pre-cracking. 

As shown in the figure, with the increase of curing days, the width of the cracks gradually decreased, 

and the healing rate of each group could reach 100% at 28 days of self-healing curing. This was due 

to the fact that after cracks appeared in the mortar specimens, the spores in the cracks germinated, 

generated white precipitate through their own metabolism, and could completely fill the crack.  

The self-healing efficiency of cracks could be effectively improved by adding fibers to cement 

mortar, and the self-healing efficiency of cracks increased gradually with the increase of fibers 

dosage. Figure 12 shows the self-healing results of cement mortar specimens added with self-

healing agent and fibers at day 0, 3, 7 and 28 after pre-cracking. For the cement mortar specimens 

added with 0.5% fibers, the healing rate of the cracks could reach nearly 100% at 7 days of curing 

after pre-cracking. This was because the basalt fibers bridged on both sides of the cracks, providing 
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landing points for the white precipitate generated by bacterial metabolism, which improved the 

efficiency of crack healing. Compared with the cement mortar specimens added with 12 mm fibers, 

the cement mortar specimens added with 6 mm fibers had a higher self-healing efficiency, but the 

advantage was not obvious. 

 

 

Fig. 11 - Self-healing results of cracks at days 0, 3, 7 and 28 in specimens doped with 10% 

expanded perlite under microscope 

 

 

(a) Specimens containing 0.1% 6mm fibers and 10% expanded perlite 
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(b) Specimens containing 0.1% 12mm fibers and 10% expanded perlite 

 

 

(c) Specimens containing 0.5% 6mm fibers and 10% expanded perlite 

 



 

  Article no. 4 
 

THE CIVIL ENGINEERING JOURNAL 1-2025 
 

 

  DOI 10.14311/CEJ.2025.01.0004      57 

 

(d) Specimens containing 0.5% 12mm fibers and 10% expanded perlite 

Fig. 12 - Self-healing results of cracks at day 0, 3, 7 and 28 under the microscope 

Figure 13 shows the self-healing results of the cement mortar specimens added with 30% 

expanded perlite at 0 and 3 days after pre-cracking. As shown in the figure, the self-healing efficiency 

of the cement mortar specimens added with 30% self-healing agent was significantly improved 

compared to the cement mortar specimens added with 10% expanded perlite. For the specimens 

without basalt fibers, the healing rate of the cracks could also reach 20% at the curing age of 3 days.  

Figure 14 shows the self-healing results of cement mortar specimens added with self-healing 

agent and fibers at day 0, 3, 7 and 28 after pre-cracking. As is shown in the figure, for the specimens 

added with fibers, the healing rate of the cracks could all reached 100% at the curing age of 3 days. 

This indicated that the basalt fibers in the mortar specimens could control the width of the cracks 

and play a bridging role at the cracks, providing a adsorption space for the comfortable landing points 

of the precipitate of bacterial metabolic reaction, which was conducive to improving the self-healing 

efficiency of the crack, as shown in Figure 15. However, under the condition of a large number of 

self-healing agents were added, the effect of the dosage and length of basalt fibers on the self-

healing performance of cement mortar specimens was not very obvious. 

 

Fig. 13 - Self-healing results of cracks at day 0 and 3 in specimens doped with 30% 

expanded perlite under microscope 

 



 

  Article no. 4 
 

THE CIVIL ENGINEERING JOURNAL 1-2025 
 

 

  DOI 10.14311/CEJ.2025.01.0004      58 

(a) Specimens containing 0.1% 6mm fibers and 30% expanded perlite 

 

(b) Specimens containing 0.1% 12mm fibers and 30% expanded perlite 

 

(c) Specimens containing 0.5% 6mm fibers and 30% expanded perlite 

 

(d) Specimens containing 0.5% 12mm fibers and 30% expanded perlite 

Fig. 14 - Self-healing results of cracks at day 0 and 3 under the microscope 

 

Fig. 15 - Calcium carbonate attaches to the surface of fibers 

In order to further study the effects of self-healing agents with different dosages and different 

sizes and dosages of fibers on the self-healing performance of mortar specimens, the maximum 
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healing efficiency diagram of cracks with different widths was drawn. As shown in Figure 16, the 

crack width was divided into five intervals for statistics. 

 

        Fig. 16 - The healing rates of different crack widths at 28 days of self-healing 

It can be seen from Figure 16 that when the crack width was less than 300μm, the mortar 

specimens could basically heal completely, and the healing rate of specimens of each group was all 

above 95%. However, when the crack width increased to 300-400μm, the self-healing efficiency of 

the specimens with 10% self-healing agent dosage began to decline, among which P1, P2 and P3 

decreased the most, which was due to the fact that when the crack width was too large, the 

precipitate produced by the bacterial mineralization could not connect the two sides of the cracks, 

resulting in the poor final repair effect. Although the self-healing agent dosage of P4 and P5 

specimens was 10%, the internal fibers dosage was enough to provide a large number of 

precipitation anchor points at the cracks, which could improve the self-healing efficiency. 

For cracks larger than 500μm, only P9 and P10 could maintain a healing rate of more than 

50%, which was because the crack width was too large, exceeding the self-healing limit of the 

remaining groups. Only P9 and P10 showed better healing rates under the coupling of self-healing 

agents and fibers. 

Microscopic and Phase Analysis 

SEM Microscopic Analysis 

In order to further clarify the self-healing mechanism of the cracks, this paper observes the 

morphology of the healing products in the cracks by SEM test. More healing products could be 

obtained by choosing to extract healing products from P10 specimens. Figure 17 shows the 

microscopic morphology of the expanded perlite at the cracks. As can be seen in Figure 17(a), 

calcium carbonate precipitate was generated around the holes on the surface of expanded perlite. 

This indicated that bacteria could survive in expanded perlite and fill the cracks by germinating and 
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generating calcium carbonate precipitate when cracks appeared in the cement mortar specimens. 

As can be seen in Figure 17(b), the bacterial spores were fixed in the pores inside the expanded 

perlite, but the distribution was not uniform. This also indicated that the repair efficiency at different 

locations of the same crack was not the same. 

Figure 18 gives the microstructure of the product at the crack healing site. As can be seen in 

Figure 18 (a), a large amount of cube-shaped calcite was generated at the crack, indicating that the 

metabolic product of bacteria at the crack was calcium carbonate [34]. From Figure 18(b), it could 

be seen that a large amount of calcium carbonate was attached to the surface of basalt fibers, which 

indicated that the contact area of bacterial mineralization deposition could be increased by mixing 

basalt fibers, and the deposited calcium carbonate filling the pores inside the cement mortar 

improved the mechanical properties and impermeability of the mortar. The fibers at the cracks both 

bridged and anchored the deposits, controlling the crack width and providing deposition anchor 

points for calcium carbonate precipitation. 

 

(a) Calcium carbonate on expanded perlite  (b) Bacterial spores on expanded perlite 

Fig. 17 - The surface microstructure of expanded perlite under SEM 

 

   (a) Cubic calcite                 (b) Calcium carbonate on fibers 

Fig. 18 - The microstructure of CaCO3 produced by cracks under SEM 

XRD Phase Analysis 

Figure 19 gives the XRD results of healing products at cracks in the cement mortar specimens 

added with 30% expanded perlite. As shown in the figure, CaCO3, SiO2 and other substances were 
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detected in the XRD spectra of specimens of all the 5 groups. Among them, calcite peaks were found 

at 29.4 and 39.4. This indicated that the bacteria could survive in cement mortar using expanded 

perlite as the carrier and generate calcium carbonate through metabolism [35]. From the figure, we 

could also find that the more fibers dosage, the higher the calcite peak. This indicated that the 

addition of fibers was beneficial to adsorbing the calcium carbonate precipitation generated by 

bacterial metabolism, and the dense bonding could improve the self-healing performance of cement 

mortar. 

 

Fig. 19 - XRD results, Q-quartz, C-calcite of self-healing products of the specimens at 28 

days of healing 

CONCLUSION 

(1)   Adding an appropriate number of basalt fibers has no negative effect on the compressive 

strength of cement mortar. For the cement mortar specimens added with 10% expanded perlite, 

basalt fibers added with 6mm and 0.1% volume fraction had the highest compressive strength. For 

the cement mortar specimens added with 30% expanded perlite, basalt fibers added with 6mm and 

0.5% volume fraction had the highest compressive strength. 

(2)   The number of self-healing agents added to cement mortar was proportional to the number 

of healing products generated after mortar cracking. Under the perfect conditions for ideal bacterial 

activity, increasing the dosage of self-healing agents could significantly improve the self-healing 

property of cracks in cement mortar, but at the same time, it also reduced the compressive strength 

of cement mortar. By adding basalt fibers to cement mortar at the same time, the mechanical 

properties of the material could be improved, and the complementary advantages with the effect of 

self-healing agents could be achieved. By adding a small number of healing agents and a moderate 

number of fibers at the same time, not only could achieve 100% self-healing performance, but also 

benefit to the compressive strength of cement mortar. 

(3)   Through XRD analysis, it was found that the healing product at the cracks was calcium 

carbonate. Through SEM observation tests, it was found that bacteria could survive in cement mortar 
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with expanded perlite as carriers, and further determined that the healing products were cubes and 

amorphous calcite. 
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ABSTRACT 

Point clouds are essential for 3D spatial analysis and widely used in geodesy, 
photogrammetry, and remote sensing. While modern technologies simplify their collection, 
processing remains challenging due to data size, irregularity, and noise. Classification is critical 
for object identification and noise removal. 

This paper explores geometric features of points derived from their local 3D neighbourhoods. 
It examines neighbourhood definitions, feature computation via principal component analysis (PCA), 
and their impact on real dataset classification. Using a test point cloud with natural and 
anthropogenic features, we analyze feature dependencies, identify redundancies, and highlight key 
metrics. Additionally, we propose new approaches for noise filtering, contributing to more efficient 
point cloud processing and practical applications. 

KEYWORDS 

Classification, Filtering, Geometric features, Neighbourhood, Point cloud 

INTRODUCTION 

Nowadays, non-selective spatial data collection methods are increasingly used to obtain 
spatial information. The resulting products of these methods are so-called point clouds, which serve 
as a fundamental representation of 3D space and have a wide range of applications [1]. They are 
utilized in various fields such as geodesy, remote sensing, photogrammetry, robotics, computer 
vision, and others [2, 3]. Point clouds are a key source of information in modern applications, making 
their accurate interpretation essential. 

Although modern measurement methods and advanced technologies enable fast and 
convenient data collection, they also introduce new challenges in post-processing. The size, 
complexity, and irregularity of the collected data require advanced methods for analysis and 
information extraction. 

To extract meaningful information from a point cloud containing diverse objects, classification 
is often necessary. This involves assigning a specific value (label) to each point. For example, to 
separate vegetation from other categories, we can assign a label (e.g., a value of 1) to vegetation 
points and a different label to other classes. This classification can then be extended into a filtering 
process, where points with specific labels are removed to clean the point cloud. Significant progress 
in point cloud classification methods, particularly those using machine learning, has been made in 
the last decade. 
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Each point of the point cloud carries with it some information either directly measured or 
obtained from the data measured by the sensor (XYZ coordinates, RGB color, intensity, echo). 
We classify this information as a basic measured feature that gives us information about the point 
itself. Furthermore, from the neighbouring points of each point, it is possible to infer geometric 
features of the nearby neighbourhood, which can be interpreted as a description of the scanned 
object. 

The paper by Qi et al. [4] proposes a neural network model working exclusively with the basic 
spatial coordinates of the XYZ point cloud, using which the network segments the cloud into semantic 
objects. In [5], Štroner et al. use the RGB point cloud information to derive various vegetation indices, 
using which they filter vegetation from the point cloud. Atik and Duran [6] use RGB information both 
alone and together with derived geometric information from neighbouring points to classify different 
types of objects - terrain, buildings, high and low vegetation. Authors Liu et al. [7] classify vegetation 
and ground points in lidar aerial point cloud using intensity, elevation, scan angle and distance from 
scanner. They also use features calculated from the point's neighbourhood - eigenvalues, normal 
vector and geometric features calculated from eigenvalues such as planarity, linearity and 
eigenentropy. Chehata et al. in [8] also add to these features information about the order of reflection 
(echo) of the lidar beam. 

Other studies such as in Weinmann et al. [9, 10] use only the features of the local 3D 
neighbourhood computed from eigenvalues to classify and segment the point cloud. They also 
discuss the relevance of the individual features and the importance of the correct selection of the 3D 
local neighbourhood. In this approach, the type of data collection does not matter, as it does not use 
sensor-specific information - RGB color in the case of photogrammetry or reflection intensity and 
echo in the case of laser scanning - and is thus generally applicable. Therefore, in this paper we will 
focus exclusively on features computed from the 3D neighbourhood of a point. 

However, many of these methods have been proposed and tested on idealized datasets that 
do not reflect real-world conditions. Real-world data often contains noise, exhibit non-uniform point 
densities, and are influenced by measurement conditions or technical limitations of the instruments. 
To ensure correct interpretation and efficient processing, these aspects must be considered, and 
individual points carefully analyzed based on their local neighbourhood. Therefore, this paper 
addresses two key questions: 1) what features can be computed for each 3D point in the point cloud, 
and 2) what object properties in the point cloud are represented by these features. We further 
analyze feature correlations and propose potential new approaches for their computation. 

MATERIALS AND METHODS 

Test point cloud 

In the point cloud selected for testing (Figure 1), a portion of a railway bridge over a forested 
valley is captured. The scene was chosen for its diversity, as it contains both anthropogenic features 
such as straight walls, arches and small engineering features, as well as a variety of natural terrain 
including trees and slopes. The cloud contains approximately 830,000 points and covers an area of 
approximately 1,180 m2. The cloud was created by combining data acquired with a Leica P40 laser 
scanner and data acquired by aerial photogrammetry using a DJI Phantom 4 RTK UAV. 

Inconsistencies in the distribution of points in the point cloud may arise due to the combination 
of the two data collection methods. In order to homogenize the data, the point cloud was subsampled 
to 7 cm and since we used a sufficiently large neighborhood when calculating the characteristics, 
the differences in methods will not be apparent. The two methods we used are compared in terms 
of accuracy in the papers [11, 12], where the authors determined a difference in accuracy of the 
methods in the order of centimeters. For the purposes of our testing, such accuracy between point 
clouds from different methods is sufficient. 
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Fig. 1 – Test point cloud colored based on elevation 

GEOMETRIC FEATURES 

3D neighbourhood 

Geometric features are used to describe the relationships between neighbouring points in a 
point cloud. Therefore, in order to analyze the local 3D structure around a point X using geometric 
features, it is important to first define the relevant neighbourhood correctly. There are several 
strategies to define this neighbourhood of a point X: based on a fixed number of nearest neighbours, 
using a spherical neighbourhood or a cylindrical neighbourhood [8]. The actual neighbourhood is 
then the set of points falling within this region, i.e. the "neighbours" of point X, which is shown in 
Figure 2. 

The choice of the neighbourhood and the extraction of the features interact because the 
distinction of the geometric features depends on the relevant neighbourhood into which the 3D points 
used for feature extraction fall. Some features may be more pronounced in a wider neighbourhood, 
while others will be more evident in a smaller neighbourhood. The choice of neighbourhood size also 
depends on the density of the point cloud and its local variations [13]. 

 

 
Fig. 2 – 2D representation of a spherical neighbourhood of a point in a point cloud 



 
  Article no. 5 

 
THE CIVIL ENGINEERING JOURNAL 1-2025 

 
 

  DOI 10.14311/CEJ.2025.01.0005                   67 

 

Calculation of local neighbourhood features 

Principal component analysis (PCA) is used to calculate the local features of neighbours of 
a point in the point cloud. This is a set of unit vectors that give the direction of the lines that best 
represent a collection of points. Each i-th vector must be perpendicular to all previous vectors. The 
first one is in the direction of the highest variance of the collection. After the influence of the first 
vector is removed, the next vector is again found as the direction of greatest variance. The set of 
such vectors is orthonormal and points to the directions of the axes of the largest variances of the 
collection, which are linearly uncorrelated with each other. The resulting PCA vectors of the data set 
are identical to the eigenvectors of its covariance matrix. Its eigenvalues 𝜆1, 𝜆2, 𝜆3 then indicate the 
variance in the direction of these vectors (Figure 3) [14, 15]. For these eigenvalues, it is always the 
case that 𝜆1 > 𝜆2 > 𝜆3. In practice, singular value decomposition (SVD) is used to compute the 
eigenvalues from the covariance matrix [14]. 

 

 

Fig. 3 – A general ellipsoid characterizing the shape of the point's neighbourhood with 
a representation of the eigenvalues and eigenvectors 

Features based on eigenvalues and eigenvectors 

Based on this description of a point's neighbourhood, also known as the 3D structure tensor, 
the derived neighbourhood features can be calculated. 

The program for loading point clouds and calculating characteristics was developed in Python 
using the CloudComPy library. For the calculations, a neighbourhood of 0.5 m was chosen. The 
examined features are as follows: 

Planarity 

The value of planarity in the local neighbourhood can be calculated using the Equation 1: 

 𝑃 =
𝜆2 − 𝜆3

𝜆1
. (1) 

This feature describes how closely the distribution of points in the local neighbourhood 
approximates a plane, as shown in Figure 4 a). Red indicates the highest planarity values (e.g., 
bridge structure walls), while blue and green shades represent lower values (e.g., vegetation). This 
visual distinction makes it possible to differentiate planar surfaces from more complex, less planar 
structures. 

Linearity 

The linearity in the chosen neighbourhood of the point can be calculated according to 
Equation 2: 
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 𝐿 =
𝜆1 − 𝜆2

𝜆1
. (2) 

 
This feature determines how much the surrounding points are aligned along a straight line. 

When 𝜆2 and 𝜆3 are small, it indicates that the points are stretched significantly in one direction. 
Elements with high linearity are highlighted in red in Figure 4 b). This is the most noticeable on the 
tree trunks and the technical equipment at the top of the bridge. 

 
Fig. 4 – Test point cloud colored based on: a) Planarity, b) Linearity 

Sphericity 

The formula for calculating the sphericity in the local neighbourhood of a point is Equation 3: 

 𝑆 =
𝜆3

𝜆1
. (3) 

Sphericity describes the degree to which the points in the neighbourhood are distributed in 
all directions. In Figure 5 a), blue represents areas with lower sphericity, while green indicates higher 
values. The bridge structure appears mostly in dark blue, as expected, because it consists of linear 
and planar surfaces where the points are not uniformly distributed in all directions but are 
concentrated in certain directions. In contrast, trees and vegetation show more directionally 
dispersed points, as the leaves and branches create an irregular, three-dimensional structure. 
However, the boundary between these two types of features is not entirely clear. 

Anisotropy 

The value of anisotropy in the local neighbourhood can be calculated using Equation 4: 

 𝐴 =
𝜆1 − 𝜆3

𝜆1
. (4) 

This feature indicates how much the points are arranged along a dominant direction (high 
anisotropy) compared to a uniform distribution in all directions (low anisotropy). High anisotropy 
values are present where the points are more linearly distributed (e.g., along one direction). 
In Figure 5 b), high anisotropy values are visualized in red, highlighting regions with a distinct 
directional arrangement of points, which typically correspond to engineering structures. In contrast, 
vegetation exhibits variable anisotropy, reflecting its more complex geometry. 
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Fig. 5 – Test point cloud colored based on: a) Sphericity, b) Anisotropy 

Omnivariance 

We can calculate the omnivariance using Equation 5: 

 𝑂 = √𝜆1𝜆2𝜆3
3 . (5) 

This feature shows the distribution of points in different directions and is shown in Figure 6 a). 
When 𝜆1, 𝜆2, and 𝜆3 are similarly large, the omnivariance is higher, indicating a uniform distribution 
of points. Omnivariance captures the size and scale of the point distribution, relying solely on the 
magnitude of the eigenvalues. 

Eigenentropy 

The formula for calculating eigenentropy in a local neighbourhood of a point is Equation 6: 

 𝐸 = −Σ𝑖=1
3 𝜆𝑖  ln 𝜆𝑖. (6) 

Eigenentropy indicates the degree of "chaos" or uncertainty in the distribution of points. 
A higher value suggests a more uniform distribution (Figure 6 b)). Unlike omnivariance, eigenentropy 
is scale-independent and focuses on the relative relationships between the eigenvalues, rather than 
their absolute magnitudes. 

 
Fig. 6 – Test point cloud colored based on: a) Omnivariance, b) Eigenentropy 

Surface variation 

Surface variation can be calculated according to Equation 7: 
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 𝑆𝑣 =
𝜆3

𝜆1 + 𝜆2 + 𝜆3
. (7) 

Surface variation describes the deviation of neighbouring points from the plane in a given 
local neighbourhood, indicating how smooth or rough a surface is. Values close to zero mean the 
points lie nearly in a plane, while higher values indicate a rough or irregular surface. In Figure 7 a), 
the main structure of the bridge is predominantly blue, suggesting that the bridge surface is relatively 
flat, which aligns with expectations for an engineering structure. The figure also implies a potential 
correlation between this feature and sphericity or anisotropy. 

Verticality 

The verticality value is calculated by subtracting the absolute value of the scalar product of 
the unit vector in the direction of the vertical axis and the third eigenvalue 𝜆3 from one (Equation 8): 

 𝑉 = 1 − |〈[0 0 1], 𝜆3〉|. (8) 

Verticality ranges from 0 to 1, with a perfect vertical orientation corresponding to a value of 1. 
In Figure 7 b), high values are predominantly seen in the vertically oriented bridge walls and the 
trunks of larger trees. Conversely, low values are found mainly in points located on the horizontal 
surface beneath the bridge and in points forming the bridge deck. 

 
Fig. 7 – Test point cloud colored based on: a) Surface variation, b) Verticality 

PCA1 

PCA1 equals to a division of the first eigenvalue 𝜆1 and sum of all eigenvalues (Equation 9): 

 𝑃𝐶𝐴1 =
𝜆1

𝜆1 + 𝜆2 + 𝜆3
. (9) 

A high value (max. 1) indicates that the surrounding points are concentrated in one direction, 
corresponding to linear structures (e.g., trunks, wires). In this case, the wires above the bridge deck 
and some tree branches are particularly noticeable in the point cloud. Conversely, low values 
suggest that the surrounding points are not primarily aligned in one direction, which can be seen in 
Figure 8 a). 

PCA2 

This feature is very similar to PCA1, the difference being that the dividend in the equation is 
𝜆2 (Equation 10): 

 𝑃𝐶𝐴2 =
𝜆2

𝜆1 + 𝜆2 + 𝜆3
. (10) 
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Values close to 0.5 (the maximum value) indicate a planar distribution of points in the selected 

neighbourhood. As with PCA1, low values suggest the opposite of high values, meaning either 
a non-planar or omnidirectional distribution of points (Figure 8 b)). 

 

Fig. 8 – Test point cloud colored based on: a) PCA1, b) PCA2 

Sum of eigenvalues 

The sum of eigenvalues in the selected local neighbourhood can be calculated using 
Equation 11: 

 Σ𝜆𝑖 = 𝜆1 + 𝜆2 + 𝜆3. (11) 

This feature reflects 3D variance of the neighbouring points. It is the quadratic sum of the 
standard deviations in the local 3D neighbourhood. The distinct color boundary between object types 
is not clearly defined in Figure 9, where all features are represented in yellow and green. 

 

Fig. 9 – Test point cloud colored based on Sum of eigenvalues 

Other features 

Number of neighbours 

The number of neighbours specifies the total number of points, 𝑛 , in the selected 
neighbourhood of a given point (Figure 10 a)). As mentioned earlier in the chapter, the choice of 
neighbourhood size and type is crucial for the eigenvalue calculation. In this case, a spherical 
neighbourhood with a radius of 0.5 meters was selected to calculate all the presented features, 
including the number of neighbours. 
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Distance to plane  

Distance to plane expresses distance of point 𝑋 from plane 𝑝 and can be calculated using 
Equation 12: 

 𝜗(𝑋, 𝑝) =
|𝑎𝑥𝑖 + 𝑏𝑦𝑖 + 𝑐𝑧𝑖 + 𝑑|

√𝑎2 + 𝑏2 + 𝑐2
, (12) 

where 𝑎, 𝑏, 𝑐, 𝑑 are the parameters of the point-normal equation of the plane, and 𝑥𝑖, 𝑦𝑖 , 𝑧𝑖 represent 

the coordinates of the neighbouring points. The parameters 𝑎, 𝑏 and 𝑐 correspond to the values of 
the normal vector calculated through Singular Value Decomposition (SVD), and the parameter 𝑑 is 

computed using 𝑎, 𝑏 and 𝑐 along with the coordinates of the center of gravity through which the plane 
passes. This feature can be helpful, for example, in identifying noise or low vegetation in point clouds 
(Figure 10 b)). 

 

Fig. 10 – Test point cloud colored based on: a) Number of neighbours, b) Distance to plane 

Surface density 

Surface density expresses the density of points in the surface of a circle of the selected 
radius. It can be used to infer the density of points per unit area. In a relative color scale, the feature 
appears to be strongly similar to number of neighbours, as can be seen in Figure 11 a). The value 
of this feature can be calculated according to Equation 13: 

 𝑆𝑑 =
𝑛

𝜋𝑟2
, (13) 

where 𝑟 is the radius of the local neihbourhood and 𝑛 is the number of points in the neighbourhood. 
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Volume density 

Volume density expresses the point density within the volume of the selected 
neighbourhood's sphere. It can be used to infer the number of points per unit volume. In a relative 
color scale, this feature appears similar to the number of neighbours and surface density features 
(Figure 11 b)). The value of this feature can be calculated using Equation 14: 

 
𝑉𝑑 =

𝑛

4
3 𝜋𝑟3

, 
(14) 

where 𝑟 is the radius of the local neihbourhood and 𝑛 is the number of points in the neighbourhood. 

 

Fig. 11 – Test point cloud colored based on: a) Surface density, b) Volume density 

Height standard deviation 

This feature shows the standard deviation of the heights of all points in the local 
neighbourhood. As seen in the Figure 12 a), it can be used to distinguish between horizontal, vertical, 
and inclined surfaces. The formula for the calculation is described in the Equation 15: 

 𝑠𝑍 = √
∑ (𝑍̅ − 𝑍𝑖)2𝑛

𝑖=1

𝑛
, (15) 

where 𝑛 is the number of points in the neighbourhood, 𝑍𝑖 is height of a point of the neighbourhood 

and 𝑍̅ is the mean of the heights of all the points in the neighbourhood. 

Max height difference 

The feature is calculated as the difference between the height of the highest and lowest point 
of the neighbourhood. The result is similar to the Height standard deviation and can be used to detect 
horizontal surfaces (Figure 12 b)). 
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Fig. 12 – Test point cloud colored based on: a) Height standard deviation, b) Max height 
difference 

FEATURE ANALYSIS 

The relationships between the individual features describing the geometric and spatial 
properties of the points in the point cloud were analyzed based on the coefficient of determination. 
This reflects how well the values of one feature can be explained by the other. The results show the 
presence of strong, medium and weak dependencies, see Figure 13. 

 

 

Fig. 13 – Coefficients of determination of the examined features 

The analysis revealed a complete dependence between anisotropy and sphericity. This result 
suggests that both features share common geometric properties of the point cloud, and their 
calculation is strongly linked. One hundred percent dependence was also found between 
the features number of neighbours, volume density and surface density. 

r = 0.5 m PLA LIN SPHE NON SOE OMNI ENTR ANI SV VD SD MHD DTP HSD VERT PCA1 PCA2

planarity (PLA)

linearity (LIN) 0.75

sphericity 
(SPHE)

0.51 0.07

number of neigh-
bours (NON)

0.00 0.07 0.23

sum of eigen-
values (SOE)

0.28 0.41 0.02 0.15

omnivariance 
(OMNI)

0.38 0.07 0.67 0.31 0.00

eigenetropy 
(ENTR)

0.06 0.27 0.06 0.35 0.82 0.18

anisotropy (ANI) 0.51 0.07 1.00 0.23 0.02 0.67 0.06

surface variation 
(SV)

0.62 0.14 0.97 0.18 0.04 0.70 0.04 0.97

volume density 
(VD)

0.00 0.07 0.23 1.00 0.15 0.31 0.35 0.23 0.18

surface density 
(SD)

0.00 0.07 0.23 1.00 0.15 0.31 0.35 0.23 0.18 1.00

max height 
difference 

0.04 0.01 0.07 0.04 0.01 0.06 0.03 0.07 0.08 0.04 0.04

distance to 
plane (DTP)

0.00 0.00 0.01 0.01 0.05 0.01 0.05 0.01 0.00 0.01 0.01 0.01

height standard 
deviation (HSD)

0.02 0.01 0.02 0.01 0.00 0.02 0.01 0.02 0.03 0.01 0.01 0.94 0.00

verticatlity 
(VERT)

0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.00 0.00 0.01 0.01 0.66 0.00 0.77

PCA1 0.19 0.66 0.09 0.26 0.30 0.06 0.46 0.09 0.04 0.26 0.26 0.01 0.01 0.00 0.01

PCA2 0.91 0.92 0.24 0.01 0.37 0.19 0.18 0.24 0.34 0.01 0.01 0.02 0.00 0.02 0.00 0.46

degree of determination

0.00-0.69

0.70-0.80

0.81-0.90

0.91-1.00
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Strong coefficient of determination was found between anisotropy and surface variation 
(0.97), sphericity and surface variation (0.97) or between maximum height difference and height 
standard deviation (0.94). 

From looking at the point cloud and the distribution of features in it, it was concluded that 
some of them do not have significant predictive value for filtering and classifying point clouds. For 
example, we have identified omnivariance, sum of eigenvalues, eigenentropy and PCA1 as such. 
The features planarity, surface variation, PCA2 and distance to plane may be suitable for 
classification and filtering. Some features, which work for example with the height distribution of 
points in the neighbourhood, are mainly suitable for creating digital terrain models and for finding 
horizontal surfaces. These features include verticality, height standard deviation, max height 
difference. 

This analysis suggests that some features of the point neighbourhood are redundant, while 
others may be of great importance for describing the point cloud. 

CHALLENGES AND FUTURE DIRECTIONS 

Currently used features calculated from the local 3D neighbourhood of a point work well in 
the case of resolution of e.g. flat surfaces and complex objects (vegetation), where the classification 
is reliable. The description of a set of points by eigenvectors is in fact a fitting of the points of the 
neighbourhood with a plane. However, in the real world, flat surfaces do not often occur and when 
we change the scale (the size of the local 3D neighbourhood of a point) we can get more complex 
surfaces. Because of this, the difference between the features of each object can then be unclear 
and indistinguishable to an automated program. Therefore, when using large neighborhoods, we 
suggest fitting the neighbourhood points with a higher order surface and determine the deviations of 
individual points from this surface in the direction of the 3rd eigenvector. Such a surface can better 
represent the studied object, and for example, noise removal can then be more effective. A possible 
limitation of this approach in dense point clouds may be the high demand on computer power when 
calculating the surface using the least squares method. It is used for adjustment of the second order 
surface parameters according to Equation 16: 

 𝑧𝑟,𝑖 = 𝑎0 + 𝑎1𝑥𝑟,𝑖 + 𝑎2𝑦𝑟,𝑖 + 𝑎3𝑥𝑟,𝑖
2 + 𝑎4𝑦𝑟,𝑖

2 + 𝑎5𝑥𝑟,𝑖𝑦𝑟,𝑖, (16) 

where 𝑎0 − 𝑎5 are the second order surface parameters and 𝑥𝑟,𝑖, 𝑦𝑟,𝑖, 𝑧𝑟,𝑖 are the coordinates of the 

i-th point in the local neighbourhood, which are rotated for calculation purposes so that their third 
eigenvector is identical to the direction of the Z-axis. After alignment, the deviations of the points 
from the surface in the direction of the third eigenvector 𝑣 are calculated and the standard deviation 
(Equation 17) is determined from them: 

 𝑠𝑠 = √
∑ 𝑣𝑖

2𝑛
𝑖=1

𝑛 − 6
, (17) 

where 𝑛 is the number of points in the local neighbourhood of the selected point. 
Figure 14 shows a scan of a terrain with variable curvature, showing the difference between 

a plane and a second order surface representation of the terrain shape. The point cloud is colored 
based on standard deviation of deviation of each point from the surface in the direction of the third 
eigenvector. It can be seen that rounded shapes stand out when the terrain is fitted with the plane, 
but this representation is unsuitable for noise filtering. Because the second order surface adheres 
better to the terrain, noise can be removed even in areas with variable curvature. 
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Fig. 14 – A point cloud of a terrain with variable curvature colored based on standard 
deviation of deviations from: a) a plane, b) a surface of the second order, both fitted to the points of 

the neighbourhood with radius of 0.5 m 

Another limitation of the calculation of features from the local 3D neighbourhood of a point is 
the calculation method used, for example, in the CloudCompare software (paper [16] cited in their 
documentation [17]). The coordinates of the points falling within the 3D neighbourhood of the point 
of interest are reduced to the center of gravity of the neighbourhood points for computation purposes, 
and the eigenvalues and eigenvectors are then related to this center of gravity. This approach is 
suitable to describe the point cloud, or parts of it, as a whole. The reduction of a neighbourhood point 
to a center of gravity is done according to Equation 18: 

 𝑋𝑖,𝑟𝑒𝑑 = 𝑋𝑖 − 𝑋̅; 𝑋̅ =
1

𝑛
∑ 𝑋𝑖

𝑛

𝑖=1
, (18) 

where 𝑋𝑖 is a point of the neighbourhood, 𝑛 is the number of points in the neighbourhood. 
However, if the purpose of the feature is to determine the probability that a given point is 

noise, a different approach must be taken. If the point under study is part of the noise, it is often far 
from the center of gravity of the neighbourhood, which is likely to be located on the denser object we 
want to preserve. In order to characterize this point more accurately, it is possible to reduce the 
coordinates of the neighbourhood to the surveyed point to obtain information related directly to it. 
The reduction to the surveyed point is performed according to Equation 19: 

 𝑋𝑖,𝑟𝑒𝑑 = 𝑋𝑖 − 𝑋𝑃 , (19) 

where 𝑋𝑃 is the surveyed point. 
Figure 15 shows the difference between the standard deviation (square root of the 3rd 

eigenvalue) to the center of gravity and to the surveyed point. The second approach is preferable for 
noise filtering. 
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Fig. 15 – A point cloud of terrain with vegetation colored based on standard deviation of 
neighbourhood points in the direction of 3rd eigenvalue calculated from: a) the centre of gravity, 

b) the surveyed point 

These two approaches can be further explored in the future and could increase the efficiency 
of automated filtering and classification of point clouds using neural networks and other types of 
machine learning. 

CONCLUSION 

This paper has provided a comprehensive review of the various features of the local 3D 
neighbourhood of a point in a point cloud that are used for data classification and analysis purposes. 
Furthermore, the suitability of using each feature to identify different types of objects including noise 
in the point cloud was evaluated. 

Analysis of the dependencies between these features showed that some of them exhibit 
strong correlations with each other, suggesting the possibility of simplifying their use for data 
classification and filtering. For example, the strong correlation between anisotropy and sphericity 
indicates their interdependence. The use of only one of them can lead to an optimization of the 
selection of the most appropriate point cloud classification parameters. 

Even though in the description of characteristics we reference several connections between 
the characteristics and the artificial or natural objects, we do not believe that these connections can 
be universally applied. The results of classification are always influenced by factors such as the 
nature of the data, the chosen scale or the level of noise. 

New approaches proposed in this article could lead to more efficient classification and filtering 
of point clouds in the future. One of them is the use of a higher order surface for determining outliers 
in the neighbourhood. This approach could help remove noise in complex objects. Another new 
approach is to reduce the coordinates of the neighbouring points to the surveyed point rather than 
to the center of gravity of the neighbourhood. This makes it possible to obtain a characterization of 
the surveyed point with respect to its neighbourhood, not of the neighbourhood as a whole. These 
two new approaches should be the subject of further research. 
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3D – three-dimensional 
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ABSTRACT 

In this paper, the flexural performance of seven steel wire mesh and polyurethane cement 
(SWM-PUC) composite-strengthened beams was investigated experimentally. The variation law of 
flexural performance of reinforced beams is clarified. Based on the experimental research, the 
deflection and stress analysis of SWM-PUC composite strengthened reinforced concrete beams was 
conducted using finite element analysis software ABAQUS. The Bending properties of reinforced 
beams with different steel wire mesh (SWM) reinforcement rates and different polyurethane cement 
(PUC) thickness parameters were researched.The finite element analysis shows that as the 
reinforcement ratio of the SWM increases, the yield and ultimate loads gradually increase and the 
deflection then gradually decreases. When the reinforcement ratio reaches a certain level, the 
increase in yield load decreases with the increase of the reinforcement ratio. As the thickness of the 
PUC increases, the yield limit and ultimate load gradually increase, and the deflection value 
decreases continuously. The optimum configuration of the SWM -PUC composite reinforcement 
layer was given through the finite element analysis. 

KEYWORDS 

Finite Element Analysis, Steel Wire Mesh, Polyurethane Cement, Reinforcement 

INTRODUCTION 

Nowadays, bridge deck pavement is prone to cracking, potholes and other problems under 
vehicle loads, temperature and environmental factors[1,2]. However, demolition and reconstruction 
of bridges is time-consuming and costly[3]. Therefore, to ensure that the existing bridge structure 
based on the bridge reinforcement can have considerable economic benefits at the same time can 
also produce good social benefits[4,5]. 

Stranded wire mesh (SWM) has good tensile strength, toughness and durability, often with 
polymer mortar as its bonding with concrete anchoring materials[6]. Polymer mortar has good film-
forming properties and can adapt to the uneven surface of the reinforced concrete structure[7,8]. 
However, due to the relatively low strength of the polymer mortar, the composite reinforcement layer 
is prone to premature cracking, which negatively affects the durability of the SWM at the cracks[9-
11]. And compared to polymer mortars, Polyurethane Cement (PUC) can make bridge reinforcement 
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more efficient and easier at a lower cost. In this way, the PUC material not only solves the problem 
of bonding to concrete but also provides additional reinforcement[12]. Shengran Zhang conducted 
an experimental study on PUC steel wire ropes in strengthening reinforced concrete structures. 
Findings show that PUC steel wire ropes can significantly improve the bearing capacity of reinforced 
concrete beams. The bearing capacity increases with the increase of the reinforcement ratio of the 
wire rope. The maximum increase in load-bearing capacity after reinforcement was 75.3%. 

Although reinforcement methods such as steel wire mesh and polyurethane cement(SWM-
PUC) composite reinforcement are costly, require professional skills and are highly affected by 
weather factors, they provide high strength and stiffness, good durability and corrosion resistance, 
convenient and fast construction, and are suitable for various structural forms[13-16]. The effects of 
various reinforcement techniques on reinforced elements can be obtained utilizing experimental 
methods[17,18]. However, to draw accurate conclusions, a large number of experiments would have 
to be carried out, which would be quite labor-intensive and costly. Therefore, it is necessary to 
simulate and analyze the reinforcement tests with the help of finite element software[19-21]. 

In this paper, an experimental study was conducted on seven reinforced concrete T-beams 
using SWM-PUC to improve the bending resistance of strengthened concrete beams. Based on the 
model, numerical analysis was conducted on SWM-PUC composite reinforced reinforced concrete 
beams using finite element analysis software ABAQUS. The effect of steel wire mesh (SWM) 
reinforcement rate and thickness of PUC on ultimate load was comparatively analyzed. 

EXPERIMENTAL STUDY OF SWM AND PUC COMPOSITE REINFORCEMENT OF RC-
T BEAMS FOR FLEXURAL RESISTANCE 

Flexural Test Overview 

A total of 7 Reinforced Concrete (RC) beams were designed in the experiment, of which 6 
were composite reinforced beams and 1 was a beam that was not reinforced with SWM-PUC or 
Polymer mortar. The length of the beam is 3800 mm, the width of the upper flange is 360 mm and 
the height of the beam is 320 mm. The concrete strength grade is C30, the thickness of the protective 
layer is 25 mm, the longitudinal tensile reinforcement and the erection steel bars are HRB400 steel 
bars, and the distance of the loading point from the support is 1500 mm. The SWM used for 
reinforcement is a domestic galvanized strand type with a diameter of 2.4 mm. The main parameters 
of the test, besides the type of bonded anchorage material in the reinforcement layer, other 
reinforcement parameters such as SWM reinforcement ratio, PUC thickness, anchorage method and 
loading method were also considered. The design parameters of the specimens are presented in 
Table 1. The elevation details of the test beam are presented in Figure 1. 

Tab.1 -  Specimens design parameters 

Beam 
Bonded 

anchoring 
materials 

Bonded 
anchoring 
materials 

thickness(mm) 

Number of 
longitudinal 
steel wires 

End anchoring 
method 

Loading 
method 

CB - - - - - 

B1 
Polymer 
mortar 

20 8 - - 

B2 
Polymer 
mortar 

20 8 
End U-shaped 

anchorage 
- 

B3 PUC 20 5 - - 

B4 PUC 20 8 - - 

B5 PUC 30 5 - - 

B6 PUC 20 8 - Preload 
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Fig. 2 –  Elevation detail of test beam (unit: mm) 

Test Measurement 

The test used bow strain sensors to measure concrete strain and PUC strain, and resistance 
strain gauges to measure rebar strain and strand strain. Pre-load the test beam before testing formal 
loading, and check whether all test instruments and meters work normally. Before the beams cracked, 
they were loaded in 1 grade of 2kN. After cracks appeared in the concrete at the bottom of the beams, 
1 loading level of 5kN was applied with a waiting time of 3 minutes to observe and record the test 
phenomena. All measurements are automatically recorded by the collection box. Once the bars were 
tied, an electrical resistance streak meter was installed at the center of each tensile bar. After the 
SWM has been stretched, one resistance strain gauge is arranged at the center of each longitudinal 
strand. The arrangement of the strain measurement points for reinforcement and strand in the 
elevation is shown in Figure 2. For the reinforced test beams, six strain measurement points were 
arranged along the length of the profile. The strain arrangement of the cross-section measurement 
points is shown in Figure 3. 

 

Fig. 2 – Reinforcing steel strand strain measurement point arrangement diagram 

  

(a) – Unreinforced beam (b) – Reinforced beam 

Fig. 3 – Concrete strain measurement point arrangement (unit: mm) 

Test Results and Analysis 

Load-Displacement Curve Analysis 

The load-displacement curves of the specimens are presented in Figure 4. Reinforced beams 
are in an elastic working stage before cracking. Load is linearly related to displacement. The slopes 
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of the load-displacement curves were the same as those of the unreinforced comparison beams. 
After the cracks appear, the slope of the curve decreases, the stiffness of the section decreases and 
the deflection grows faster. The deflection increases more slowly in reinforced members than in 
unreinforced members. As the load increases, the reinforcement begins to yield. The slopes of the 
load-displacement curves of the unreinforced beams decrease sharply and the slopes of the load-
displacement curves are almost horizontal. Due to the presence of the reinforcement layer, the load-
displacement curve of the SWM and PUC composite reinforced members still has a large slope and 
the bearing capacity continues to grow. As the load continued to improve, the PUC material fractured 
with the SWM and the deflection of the members improved significantly. 

  

(a) – SWM-polymer mortar reinforcement 
specimens 

(b) – SWM-PUC reinforcement               
specimens 

Fig. 4 – Load-displacement curve 

(1)  Cracking load 

The cracking load, yield load and ultimate load values for each test beam are presented in 
Table 2. The cracking load for the unreinforced beam CB is 10 kN. The cracking loads of beams B3, 
B4 and B5 were 18 kN, 20 kN and 22 kN, respectively, which were 80%, 100% and 120% higher 
than those of the unreinforced beams. The cracking load of the reinforced beams increases with the 
increase in the reinforcement ratio of the SWM. When the longitudinal strands were increased from 
5 to 8, the cracking load of beam B4 increased by 2 kN compared to beam B3. Cracking loads 
increased with increasing thickness of PUC. When the thickness of the reinforcement layer was 
increased from 20 mm to 30 mm, the cracking load of beam B5 increased by 4 kN compared to 
beam B3. Therefore, SWM-PUC reinforcement can enhance the cracking load of beams. This is 
mainly because PUC and SWM together provide some reinforcement. The cracking load of beam 
B1 is 14 kN. The cracking load was reduced by 30% compared to beam B4 with the same SWM 
reinforcement ratio. The cracking load of beam B2 with end U-shaped anchorage was 16 kN. The 
cracking load was also reduced by 20% compared to beam B4 having the same SWM reinforcement 
ratio. It is shown that PUC materials are significantly better than polymer mortar materials for 
increasing the cracking loads of the test beams. 

(2)  Yield load 

The output of the sensors is monitored in real-time by a data acquisition system to obtain the 
strain changes in the beam. On the stress-strain curve, find the point where the stress no longer 
increases linearly with strain, the yield point. Compared with unreinforced beams, the yield loads of 
beams B1 and B2 were improved by 16.6% and 25% respectively, and the yield loads of beams B3, 
B4, B5 and B6 were increased by 31.6%, 43%, 63.3% and 40% respectively. PUC has a greater 
increase in yield load than polymer mortar. It shows that PUC is more effective and significant in 
enhancing the yield load of reinforced beams. The yield load values of beams B3 and B4 were 
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increased by 31.6% and 43%, respectively, compared to the reinforced beams. It is shown that the 
magnitude of yield load enhancement increases with increasing reinforcement ratio of the SWM for 
the same reinforcement thickness. Compared to the reinforced beams, the yield load increase is 40% 
for the preloaded beam B6 and 43% for the unloaded beam B4. Both have almost the same lift for 
yield loads. It is shown that secondary stressed beams with initial damage also have better 
reinforcement. 

(3)  Ultimate load 

From Table 2, it is shown that the ultimate load of the reinforced beams can be increased by 
up to 75% compared to the unreinforced beams. For beams B3, B4, B5 and B6 strengthened with 
SWM-PUC, the ultimate load increases were 41%, 53.3%, 75% and 50%, respectively. The ultimate 
load enhancement of B1 and B2 beams strengthened with SWM-polymer mortar increased by 6.3% 
and 17.5%, respectively. The former is more effective in increasing the ultimate load of the 
intensification beam. In addition, there is a 47 % difference in the lifting of the ultimate loads of beams 
B1 and B4. It is shown that PUC with strand reinforcement is more effective than polymer mortar 
with SWM reinforcement in enhancing the load-carrying capacity of the specimens. Beam B4 and 
Beam B6 have almost the same magnitude of lift for the ultimate load. It shows that the mode of 
loading has essentially no effect on the bearing capacity. 

Tab.2 -  Characteristic load test value 

Beam 
Cracking 
load/kN 

Increase 
relative 

/% 

Yield 
load/kN 

Increase 
relative/% 

Ultimate 
load/kN 

Increase 
relative/% 

CB 10 - 60 - 80 - 

B1 14 40 70 16.6 85 6.3 

B2 16 60 75 25 94 17.5 

B3 18 80 79 31.6 112.8 41 

B4 20 100 85.8 43 122.6 53.3 

B5 22 120 98 63.3 140 75 

B6 - - 84 40 120 50 

Load-Strain Curve Analysis 

(1)  Longitudinal reinforcement strain 

The effect of reinforced concrete beams with SWM and two different materials was 
investigated by applying strain gauges to the reinforcement to measure the strain. It is shown in 
Figure 5 that the longitudinal reinforcement strain is linearly related to the load before cracking of the 
specimen. When the load reaches 40 kN, the strain of the unreinforced beam is 1585 με, and the 
strains of the SWM-polymer mortar beams B1 and B2 are 1288 με and 1127 με, respectively. The 
strains in beams B3, B4, B5 and B6 reinforced with SWM-PUC at this time were 853 με, 750 με, 697 
με and 632 με, respectively. The SWM-PUC reinforcement specimens should be changed to a 
smaller size under the same load. The reason for this is that the SWM shares part of the load during 
loading, resulting in a smaller load increment in the reinforced beam for the same longitudinal strain. 
As the load increases, the reinforcement yields and the constraint of the SWM on the concrete 
become more pronounced. Continuing to increase the load, the strand mesh-polymer mortar 
reinforcement layer peeled away from the concrete, and the slope of its load-strain curve for the 
SWM was greatly reduced. However, the PUC remained well bonded to the concrete with a slow 
decrease in the slope of the load-reinforcement strain curve. 
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(a) – SWM-polymer mortar reinforcement 
specimens 

(b) – SWM-PUC reinforcement 
specimens 

Fig. 5 – Load-strain in reinforcement curves 

(2)  SWM strain 

The load-strand strain curve is shown in Figure 6. From the figure, it is shown that the SWM 
is involved in the force throughout the loading process. Before the beam cracked, the load was 
linearly related to the strand strain. As the load increases, the crack develops and expands gradually, 
the neutralization axis moves upwards and the strain in the SWM increases gradually. When the 
reinforcement yields, the strain in the SWM increases rapidly. This is because the SWM exits the 
force and part of the load increment is carried by the SWM and the other part of the load increment 
is carried by the PUC. Until the composite reinforcement breaks. Among them, beams B1 and B2 
were reinforced by SWM-polymer mortar, the SWM was not pulled off due to the stripping damage 
of the reinforcement layer from the concrete, and the strength of the SWM was not fully utilized. 

(3)  PUC strain 

Based on the test data, the load-PUC strain curves for beams B3, B4, B5 and B6 were plotted 
as shown in Figure 7. As can be seen in Figure 7, the trend of load-PUC strains is the same for the 
test beams for the four different conditions. During the plastic working stage, the PUC strains of 
beams B3, B4, and B5 gradually decrease under the same loads. It shows that the stiffness of the 
test beam increases as the thickness of polyurethane increases. In this case, the load-PUC strain 
curves of beams B4 and B6 almost coincide, indicating that they have the same stiffness. It was 
further shown that the beams that were preloaded to produce cracks and then strengthened still had 
good stiffness. The same ultimate load capacity as the test beam that had not been pre-loaded. The 
ultimate damage loads of the test beams for the four different working conditions were 122.8 kN, 122 
kN, 120 kN and 140 kN, at which time the corresponding PUC strains were 7000 με, 7140 με, 7071 
με and 7336 με, respectively. PUC is known to have an ultimate tensile strain of 7000 με and a 
tensile strength of 35.6 MPa. The tensile stresses of beam B3, beam B4, beam B5 and beam B6 are 
31.4 MPa, 32 MPa, 31.6 MPa and 32.2 MPa, respectively, which have reached the ultimate tensile 
strength of PUC. The damage to beam B3, beam B4, beam B5 and beam B6 were all composite 
reinforcement fractures. PUC has better bonding and tensile strength than polymer mortar and is 
more effective in increasing the load-carrying capacity of beams when reinforced with SWM. 
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Fig.6 – Load-strand strain curve Fig.7 – Load-PUC strain curve 

FINITE ELEMENT ANALYSIS OF SWM-PUC COMPOSITE REINFORCED RC-T BEAMS  

Parameterisation of Materials 

Concrete Unit and Parameter Setting 

In this paper, a concrete plastic damage model is used, which can simulate the mechanical 
properties of concrete materials such as cracking and crushing. In this paper, the plasticity-based 
ontological relationship of concrete is used, as shown in Figure 8. The strain in the stress-strain 
curve of compressed concrete increases with increasing stress up to the maximum compressive 
strength, and eventually damage occurs when the ultimate strain is reached. The stress-strain curve 
of tensile concrete is linear until the maximum tensile strength is reached. After this, the concrete 
cracks and gradually decreases in strength. Poisson's ratio is 0.2. The modulus of elasticity is 30GPa. 

c c c(1 )d E = −                                                (3.1)
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where dc is the concrete uniaxial compression damage evolution parameters, Ec is the modulus 
of elasticity of concrete, ac is the concrete uniaxial compression stress-strain curve descending 
section parameter section, fc is the Concrete axial compressive strength, εc,r is the Concrete axial 
compressive strength fc Corresponding peak compressive strain of concrete. 

           t t c(1 )d E = −
                                               (3.2) 
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where it is the  concrete uniaxial tensile damage evolution parameters, at is the concrete uniaxial 
tensile stress-strain curve falling section parameter section, ft is the concrete axial tensile strength, 
εt,r is the concrete axial tensile strength ft corresponding concrete peak tensile strain. 

  

(a) – Axial compression (b) – Axial tensile 

Fig. 8 – Constitutive relation of concrete 

Rebar Unit and Strand Parameterisation 

The common reinforcement required for this paper includes longitudinal bars, hoop bars, and 
erection bars. The intrinsic relationship adopted is a triple-fold model containing elastic, yield and 
strengthening phases. The strength of the bar continues to increase even after it reaches yield 
strength and enters the plastic phase. Es and Es* are the modulus of elasticity of the reinforcement 
in the elastic and strengthening phases, respectively. The simplified stress-strain curves of the steel 
bars are shown in Figure 9. 

In this paper, measured strand stress-strain curves are used, as shown in Figure 10. SWM 
is hard and rigid in material, with almost no obvious plasticity section, its stress-strain curve pre-
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approximate a straight line. When the applied load reaches the yield load of the SWM, the SWM 
enters the plastic phase and subsequently reaches the ultimate load. The SWM has a modulus of 
elasticity of 140GPa, an ultimate tensile strain of 0.0187 and a tensile strength of 1520 MPa. 

  

Fig. 9 – Reinforcement stress-strain 
simplified curve 

Fig. 10 – Steel-stranded wire axial 
tensile stress-strain curve 

Properties and Parameters of PUC Material 

In this study, the tensile intrinsic curve of PUC was obtained based on tests. According to the 
experimental results of PUC material, the modulus of elasticity of PUC material is taken as EPUC = 
5500 MPA and Poisson's ratio is taken as v = 0.27. Figure 11 shows the measured axial tensile 
stress-strain curves for PUC materials. It is shown that in Figure 11, the ultimate tensile strain of 
PUC is 7000 με and the ultimate tensile stress of PUC is 35.6 MPa. 

 

Fig. 11 – Measured axial tensile stress-strain curves of PUC materials 

Finite Element Mechanism Analysis  

Finite Element Modeling 

The finite element units are selected as follows: 

Solid units were selected for concrete, bearing pads and polyurethane cement; Selection of 
wire units for main reinforcement, hoop reinforcement and reinforcing strand mesh. See 3.1 for 
material parameter properties. In the model, the concrete and bearing pads are connected with a 
Tie, and the main reinforcement and rectangular hoop reinforcement in the concrete are embedded 
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in the Embedded region. The SWM is embedded in the polyurethane cement material using an 
Embedded region. Polyurethane cement material in contact with concrete select Tie. Constraints are 
added to the centerline of the pad by adding horizontal and vertical constraints at the supports to 
simulate simply supported beam boundary conditions.The mesh division size is 
20mmx20mmx20mm and the model does not take into account the bond slip between the concrete 
and the reinforcement. A finite element model is established and the simulation results are compared 
and analyzed with the test results to verify the reliability of the simulation. 

Deflection Analysis  

Since the damage mode of the SWM-polymer mortar reinforced beams was peeling damage, 
the reinforcement and the SWM were not in full play and the results could not be analyzed accurately. 
Therefore, test beams B1 and B2 were not modeled. Unreinforced beams, beam B3, beam B4 and 
beam B5 were modeled and computationally analyzed to extract the deflections and ultimate 
deflections of the beams when the reinforcement yielded, respectively. The deflection clouds of 
beam CB, beam B3, beam B4 and beam B5 are shown in Figure 12. 

 

(a) – Deflection at yield of beam CB 
(b) – Deflection at limit state of beam 

CB 

 

(c) – Deflection at yield of beam B3 
(d) – Deflection at limit state of beam 

B3 

 

(e) – Deflection at yield of beam B4 
(f) – Deflection at limit state of beam 

B4 
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(g) – Deflection at yield of beam B5 
(h) – Deflection at limit state of beam 

B5 
Fig.12 – Deflection clouds of beams CB, B3, B4 and B5 

The unreinforced beam CB starts to yield its reinforcement when the load reaches 65 kN, at 
which point the deflection is 11.6 mm. Beam B3, which was strengthened using a combination of 5 
longitudinal strands and 20mm thickness of PUC, entered the yield stage when the load reached 
89.5 kN, at which point the deflection was 12 mm. The yield load was improved by 37.7% compared 
to the beam CB yield load. Beam B4, which was strengthened using a combination of 8 longitudinal 
strands and 20 mm thickness of PUC, had a load of 97 kN at the yield stage, at which point the 
deflection of the beam was 12.8 mm. The yield load is increased by 9% compared to beam B3. It 
shows that the yield load increases with the increase in reinforcement ratio for the same thickness 
of reinforcement. Beam B5, which was strengthened using a combination of 5 longitudinal strands 
and 30 mm thickness of PUC, had a load of 108 kN at the yield stage, at which point the deflection 
of the beam was 13.2 mm. The yield load is raised by 11.3% compared to beam B4. It shows that 
for the same thickness of reinforcement, the yield load increases with the increase in the thickness 
of reinforcement. 

The ultimate load and ultimate deflection of beam CB are 78 kN and 26.1 mm respectively; 
The ultimate load and ultimate deflection of beam B3 are 117 kN and 26.4 mm respectively; The 
ultimate load and ultimate deflection of beam B4 are 130 kN and 27.6 mm respectively; The ultimate 
load and ultimate deflection of the B5 simulated beam were 144 kN and 28.8 mm respectively; 
Compared to beam CB, the ultimate loads of beams B3, B4, and B5 were enhanced by 50%, 67%, 
and 85%, respectively. Beam B4 with 8 longitudinal strands has an 11 % higher ultimate load 
compared to beam B3 with 5 longitudinal strands. It shows that the ultimate load increases gradually 
as the reinforcement ratio of the strand increases. Beam B5 with 30 mm thick PUC has a 10 % higher 
ultimate load compared to Beam B5 with 20 mm thick PUC. It can be seen that as the thickness of 
PUC increases, the ultimate load increases gradually. 

Stress Analysis  

(1)  PUC stress 

Through the post-processing module of ABAQUS finite element analysis software, the PUC 
stress clouds were extracted for each simulated beam reinforcement in the yield state and the limit 
state, as shown in Figure 13. The simulated beams for all three conditions went through yield and 
ultimate stages under load. Beam B3 strengthened with 5 longitudinal strands and 20 mm thick PUC 
had a stress of 11.9 MPa in the PUC at a load of 89.5 kN. At this point beam B3 enters the yield 
stage. The PUC stress is 31.4 MPa when the load reaches 117 kN. At this point the specimen 
reaches its limit state. Beam B4 strengthened with 8 longitudinal strands and 20 mm thick PUC had 
a stress of 12.3 MPa in the PUC at a load of 97 kN. At this point beam B3 enters the yield stage. 
The PUC stress is 32 MPa when the load reaches 130 kN. At this point the specimen reaches its 
limit state. Beam B5 strengthened with 5 longitudinal strands and 30 mm thickness of PUC had a 
stress of 13.4 MPa in the PUC at a load of 108 kN. At this point beam B3 enters the yield stage. At 
this point beam B3 enters the yield stage. The PUC stress is 32.4 MPa when the load reaches 144 
kN. At this point the specimen reaches its limit state. 
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It is shown that the PUCs have all reached their ultimate stresses and fully utilized their 
strength. Moreover, as the reinforcement ratio of the SWM and the thickness of the PUC increase, 
the yield and ultimate loads gradually increase. The ultimate stresses of PUC in the simulated beams 
for all three conditions were much higher than the ultimate stresses of concrete. The PUC material 
proved to have good strength to meet the structural reinforcement needs. 

  
(a) – Stress in PUC at yield of beam 

B3 
(b) – Limit state PUC stresses of the 

behavior of beam B3 

 
 

(c) – Stress in PUC at yield of beam 
B4 

(d) – Limit state PUC stresses of the 
behavior of beam B4 

  

(e) – Stress in PUC at yield of beam 
B5 

(f) – Limit state PUC stresses of the 
behavior of beam B5 

Fig.13 – Stress clouds for PUC 
 

(2)  SWM stress 

The strand stress clouds for beam B3, beam B4 and beam B5 are shown in Figure 14. Beam 
B3 begins to yield when the load reaches 89.5 kN, at which time the stress in the strand is 1140 
MPa. Beam B4 strengthened with a composite of 8 longitudinal strands and 20 mm thickness PUC 
yielded its reinforcement at a load of 97 kN. The stress in the strand at this point is 1152 MPa. Beam 
B5 strengthened with a combination of 5 longitudinal strands and 30 mm thickness of PUC had a 
load of 108 kN at the yield stage. The stress in the strand at this point is 1160 MPa. This indicates 
that the strands in the reinforcement retained good strength when the specimen reached the yield 
state. In addition, the ultimate stresses of the strands in the reinforcement layers of beams B3, B4 



 
  Article no. 6 

 
THE CIVIL ENGINEERING JOURNAL 1-2025 

 

 

  DOI 10.14311/CEJ.2025.01.0006         92 

and B5 all reached 1520 MPa, indicating that the form of damage of the beams was all bending 
damage in which the strands were pulled out. 

  
(a) – Strand stress at yield of beam 

B3 
(b) – Strand stress of beam B3 at 

limit state 

  
(c) – Strand stress at yield of beam 

B4 
(d) – Strand stress of beam B4 at 

limit state 

  
(e) – Strand stress at yield of beam 

B5 
(f) – Strand stress of beam B5 at 

limit state 
Fig.14 – Stress clouds of steel-stranded wires 

(3)  Reinforcement stress 

The reinforcement stress clouds for beam CB, beam B3, beam B4 and beam B5 are shown 
in Figure 15. From Figure 15, it can be seen that the stresses in the rebars of the simulated 
specimens all exceeded 400 MPa, which reached the yield condition of the rebars. The stress is 
centered mainly at the underside of the reinforcement, indicating that the specimen has suffered 
bending damage. The ultimate stress of beam CB reinforcement is 440 MPa, beam B3 reinforcement 
is 500 MPa, beam B4 reinforcement is 521 MPa and beam B5 reinforcement is 555 MPa. Compared 
to beam CB, the tensile contribution of the reinforcement in beams B3, B4 and B5 was improved by 
13.6%, 18% and 26%, respectively. It is shown that the composite reinforcement layer can 
appropriately increase the tensile contribution of the reinforcement. In addition, beam B4 with 8 
longitudinal strands has 21 MPa more ultimate stress than the reinforcement of beam B3 with 5 
longitudinal strands. It is shown that increasing the reinforcement ratio of the SWM can also increase 
the tensile contribution of the steel bars. Beam B5 with 30 mm thickness PUC had 55 MPa more 
ultimate stress in the reinforcement of beam B3 than that of beam B3 with 20 mm thick PUC. It is 
shown that an appropriate increase in the thickness of PUC can also improve the tensile contribution 
of the reinforcement. 
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(a) – Reinforcement stress at 
yielding of beam CB 

(b) – Steel reinforcement stresses of 
beam CB at limit state 

  
(c) – Reinforcement stress at 
yielding of beam B3 

(d) – Steel reinforcement stresses of 
beam B3 at limit state 

  
(e) – Reinforcement stress at 
yielding of beam B4 

(f) – Steel reinforcement stresses of 
beam B4 at limit state 

  
(g) – Reinforcement stress at 
yielding of beam B5 

(h) – Steel reinforcement stresses of 
beam B5 at limit state 

Fig.15 – Stress cloud of ordinary steel bar 

Comparison of Load-Deflection Curves of Finite Element Model  

After the finite element model analysis was completed, the finite element simulation results 
were compared with the test values as shown in Figure 16. From Figure 16, it is shown that the load-
mid-span deflection curves of the finite element model have the same trend as the load-mid-span 
deflection curves of the test values, which are well-fitted. 
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(a) – Beam CB (b) – Beam B3 

  

(c) – Beam B4 (d) – Beam B5 

Fig. 16 – Load-deflection comparison curve of test value and finite element result 

Analysis of Influencing Factors of Flexural Strengthened T-beams 

Effect of Reinforcement Ratio of SWM on Reinforcement Performance 

The SWM reinforcement ratio is defined as the ratio of the cross-sectional area of the 
longitudinal strands to the cross-sectional area of the upper unreinforced beams, which responds to 
the magnitude of the dosage of the SWM reinforcement ratio. The parameter settings for the 
simulated beams are shown in Table 3. All the parameters are the same except for the reinforcement 
ratio of the SWM. Eight longitudinal strands were used for each simulated beam, and the 
reinforcement ratio of the SWM was controlled by varying the diameter of the strands. The diameters 
of the longitudinal strands were 2.4 mm, 2.8 mm, 3.2 mm, 3.6 mm and 4 mm. The corresponding 
SWM reinforcement rates were 0.064%, 0.087%, 0.114%, 0.144% and 0.178%. 

Tab.3 -  Parameter setting 

Beam 
SWM 

reinforcement 
ratio 

Longitudinal 
strand 

diameter/mm 

Number of 
longitudinal 
strands/pc 

Reinforcement 
layer 

thickness/mm 

Tensile 
strength of 
SWM/MPa 

WM-0.064 0.064% 2.4 8 20 1520 

WM -0.087 0.087% 2.8 8 20 1520 

WM -0.114 0.114% 3.2 8 20 1520 

WM -0.144 0.144% 3.6 8 20 1520 

WM -0178 0.178% 4 8 20 1520 
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The simulated beams with different SWM reinforcement rates were operated using finite 
element analysis software. The deflection values and load data were extracted respectively and the 
load-mid-span deflection curves were plotted. The load-deflection curves of the simulated beams 
with different SWM reinforcement ratios are shown in Figure 17. The trend of the load-deflection 
curves of the simulated beams with 5 different rates of SWM reinforcement was more or less the 
same, and all of them went through 3 phases, which were elastic, plastic, and destructive phases. 
The curve has a linear relationship between load and deflection in the first stage. As it becomes 
more loaded, the curve goes beyond the elastic phase and the curve slope decreases, at which point 
it enters the plastic phase. After exceeding the yield strength of the SWM, it enters the destruction 
phase. From Figure 17, it can be seen that the curve has a certain regularity. When the thickness of 
the reinforcement layer is constant, the rigid and bearing capacity of the simulated beam also 
increases with the increase of the reinforcement ratio of the SWM network. 

The yield load values of the simulated beams with different SWM reinforcement rates are 
shown in Figure 18. The yield load of the simulated beam with a SWM reinforcement ratio of 0.064% 
is 92 kN; The yield load value of beam WM-0.087 is 104.6 kN, which is 13.7% higher than beam 
WM-0.064; The yield load value of beam WM-0.114 is 114.3 kN, which is 9.3% higher than the beam 
WM-0.087 yield load; The yield load value of beam WM-0.144 is 125 kN, which is 9.4% higher than 
the yield load of beam WM-0.114; The yield load value of beam WM-0.178 is 135 kN, which is 8% 
higher than the yield strength of beam WM-0.144. It is shown that the yield load increases gradually 
as the reinforcement ratio of the SWM increases. At a certain level of reinforcement, the increase in 
yield load decreases as the reinforcement rate increases. 

  

Fig.17 – Load-deflection curves of 
simulated beams of different SWM 

reinforcement ratios 

Fig.18 – Yield load values of 
simulated beams of different SWM 

reinforcement ratios 

The ultimate load values of the simulated beams with different SWM reinforcement rates are 
shown in Figure 19. The ultimate loads of the SWM with 0.064%, 0.087%, 0.114%, 0.144% and 
0.178% reinforcement were 122.6 kN, 139.5 kN, 152.5 kN, 166.7 kN and 180 kN. Compared to beam 
WM-0.064, with a 0.023% increase in the reinforcement ratio of the SWM, the ultimate load was 
increased by 13.8%; With a 0.05% increase in the reinforcement ratio of the SWM, the ultimate load 
was increased by 24.4%; With a 0.08% increase in the reinforcement ratio of the SWM, the ultimate 
load was increased by 36%; With a 0.114% increase in the reinforcement ratio of the SWM, the 
ultimate load was increased by 47%. It is shown that the ultimate load and the reinforcement ratio of 
the SWM are positively correlated. 
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Fig.19 – Ultimate load values of 
simulated beams of different SWM 

reinforcement ratios 

Fig.20 – Mid-span deflection values 
of the simulated beams while the strand is 

being pulled apart 

After reinforcement with SWM-PUC composites. As the reinforcement ratio of the SWM 
increases, the deflection of the simulated beams decreases gradually under the same load. The mid-
span deflection values of the simulated beams when the strand is pulled out are shown in Figure 20. 
The SWM reinforcement of 0.064%, 0.087%, 0.114%, 0.144% and 0.178% had deflections of 32.5 
mm, 31.2 mm, 30.5 mm, 29.2 mm and 28.3 mm at the time of pull-off of the strand, respectively. 
Increasing the reinforcement ratio of the SWM decreases the flexural toughness of the beam. This 
is because increasing the reinforcement ratio will lead to an increase in the height of the compression 
zone of the cross-section and a decrease in the bending curvature, resulting in a decrease in the 
deformation capacity. 

Effect of PUC Thickness on Reinforcement Performance  

The PUC material was used as a composite reinforcement layer to increase the flexural load 
capacity of the specimen and firmly bonded to the concrete to avoid stripping damage. To verify the 
effect of PUC thickness on the flexural performance of reinforced beams in the positive section, 
simulated beams with different PUC thicknesses were established. The parameters are set as shown 
in Table 4. Parameters are the same except for PUC thickness. The PUC thicknesses were 20 mm, 
25 mm, 30 mm, 35 mm and 40 mm. 

Tab.4 - Parameter setting 

Beam 
PUC 

thickness/mm 

Longitudinal 
strand 

diameter/mm 

Number of 
longitudinal 
strands/pc 

SWM 
reinforcement 

ratio 

Tensile 
strength of 
SWM/MPa 

PUC-20 20 2.4 5 0.064% 1520 

PUC-25 25 2.4 5 0.064% 1520 

PUC-30 30 2.4 5 0.064% 1520 

PUC-35 35 2.4 5 0.064% 1520 

PUC-40 40 2.4 5 0.064% 1520 

The load-deflection curves of the simulated beams with different PUC thicknesses are shown 
in Figure 21. It is shown that the trend of the load-deflection curves of the simulated beams with 
different PUC thicknesses under all levels of loading is more or less the same, and all of them consist 
of elastic phase, plastic phase, and ultimate phase. The deflection in the span decreases as the 
thickness of PUC increases under the same load. In addition, the greater the thickness of PUC the 
greater the flexural capacity of the simulated beams. From Figure 21, it is shown that at a certain 
reinforcement rate of the SWM, the stiffness and load-carrying capacity of the simulated beams 
increased as the thickness of PUC increased. 
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The yield load values of the simulated beams with different PUC thicknesses are shown in 
Figure 22. The simulated beam reinforced with 20 mm thickness PUC enters the yielding stage when 
the load reaches 90.9 kN, at which point the deflection is 12.2 mm; The simulated beam with 25 mm 
thickness PUC enters the yielding stage when the load reaches 100.9 kN, at which point the 
deflection is 15.1 mm; The simulated beam with 30 mm thickness PUC enters the yielding stage 
when the load reaches 109.5 kN, at which point the deflection is 13 mm; The simulated beam with 
35 mm thickness PUC enters the yielding stage when the load reaches 119.3 kN, at which point the 
deflection is 13.5 mm; The simulated beam with 40 mm thickness PUC enters the yielding stage 
when the load reaches 132 kN, at which point the deflection is 13.6 mm. The yield load is increased 
by 11% by adding 5 mm to the 20 mm thickness of PUC. The yield load is increased by 8.5% by 
adding 5 mm to the 25 mm thickness of PUC. The yield load is increased by 8.9% by adding 5 mm 
to the 30 mm thickness of PUC. The yield load is increased by 10.6 percent by adding 5 mm to the 
35 mm thickness of PUC. It is shown that the yield load gradually increases as the thickness of PUC 
increases. 

 
 

Fig.21 – Load-deflection curves of 
simulated beams of different PUC thicknesses 

Fig.22 – Yield load values of 
simulated beams of different PUC 

thicknesses 

The ultimate load values of the simulated beams with different PUC thicknesses are shown 
in Figure 23. The ultimate load of the PUC-20 simulated beam is 121.2 kN; The ultimate load of the 
PUC-25 simulated beam is 134.5 kN, which is 10.9% higher compared to the ultimate of the PUC-
20 simulated beam; The ultimate load of the PUC-30 simulated beam is 146 kN, which is 8.5% higher 
compared to the ultimate load of the PUC-25 simulated beam; The ultimate load of the PUC-35 
simulated beam is 159 kN, which is 8.9% higher compared to the ultimate load of the PUC-30 
simulated beam; The ultimate load of the PUC-40 simulated beam is 176 kN, which is 10.7% higher 
compared to the ultimate load of the PUC-35 simulated beam. It can be seen that as the thickness 
of PUC increases, the ultimate load increases gradually. It is shown that PUC can be used not only 
as a bond anchoring material but also to reinforce the flexural properties of beams. 

The mid-span deflection values of the simulated beams at PUC fracture are shown in Figure 
24. The ultimate deflection of the simulated beam with PUC thickness of 20 mm is 30.2 mm; The 
ultimate deflection of the simulated beam with PUC thickness of 25 mm is 29.3 mm; The ultimate 
deflection of the simulated beam with PUC thickness of 30 mm is 28.6 mm; The ultimate deflection 
of the simulated beam with PUC thickness of 35 mm is 27.7 mm; The ultimate deflection of the 
simulated beam with PUC thickness of 40 mm is 26.5 mm. It is shown that as the thickness of PUC 
increases, the deflection of the simulated beams at failure gets smaller. The reason for this is that 
by increasing the thickness of PUC, the height of the compression zone in the cross-section of the 
reinforced beams under ultimate load increases. As the bending curvature becomes smaller, the 
deformation ability becomes worse, which leads to the reduction of toughness. 
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Fig.23 – Ultimate load values of 
simulated beams of different PUC 

thicknesses 

Fig.24 – Mid-span deflection values 
of the simulated beams at PUC fracture 

From the results of the above analysis, it is concluded that the composite layer with PUC 
thickness of 40 mm and SWM reinforcement rate of 0.144% is the most effective reinforcement. The 
load-carrying capacity can be increased by up to 120 % compared to that of reinforced beams. 

CONCLUSION 

In this paper, the flexural performance of seven SWM-PUC composite strengthened beams 
was investigated experimentally. Based on the experimental study, the mechanical properties of 
strand mesh-polyurethane cement composite reinforced concrete beams were analyzed using finite 
element analysis software ABAQUS. The optimal strand mesh-polyurethane cement composite 
reinforcement layer configuration was explored. The following conclusions were drawn: 

(1)  A finite element model of a reinforced concrete T-beam with flexural reinforcement was 
developed using a simplified intrinsic relationship model of the material. The finite element results 
are in high agreement with the test results, indicating that the established SWM-PUC composite 
reinforcement beam model is reasonable.  

(2)  Computational analysis was carried out on reinforced concrete T-beam models with SWM 
reinforcement rates of 0.064%, 0.087%, 0.114%, 0.144%, and 0.178%. The results show a gradual 
increase in yield load as the reinforcement ratio of the SWM increases. However, at a certain level 
of reinforcement, the increase in yield load decreases as the reinforcement rate increases. With a 
0.114% increase in the reinforcement rate of the SWM, the ultimate load was increased by 47% 
compared to the simulated beam with a 0.064% reinforcement rate of the SWM. It is shown that the 
ultimate load and the reinforcement ratio of the SWM are positively correlated. 

(3)  Computational analyses were carried out on reinforced concrete T-beam models with PUC 
thicknesses of 20 mm, 25 mm, 30 mm, 35 mm and 40 mm. It was concluded that for a certain 
reinforcement ratio of the SWM, the stiffness and load-carrying capacity of the beams increased as 
the thickness of PUC increased. Adding 10 mm to the 30 mm thickness of PUC increases the 
ultimate load by 20.5%. The optimum configuration of the SWM-PUC composite reinforcement layer 
was given by finite element analysis. 
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ABSTRACT 

The transition to sustainability will gradually change the face of businesses in all sectors, 
not least construction. In terms of adopted EU legislation, it will have the greatest impact on their 
activities in less than 5 years. For companies, the adoption of sustainability principles means new 
business conditions, new market opportunities, the possibility of acquiring resources, but also new 
responsibilities. One of these is the obligation to report on ESG (information on the impact of their 
business on the environment, people and society). This article presents the results of ten 
sustainability surveys conducted between 2022 and 2024. All the data was collected using the 
questionnaire method. The aim of the article was to determine the willingness of companies 
operating in the Czech market to integrate sustainability aspects into their corporate strategies and 
to publish sustainability (ESG) reports based on the published results. The results show that there 
is currently a large gap in the level of ESG implementation not only between large and medium-
sized construction companies, but also between Czech and foreign companies. The research 
confirms that ESG awareness or activity decreases with the size of the company. Many small and 
micro companies believe that ESG does not affect them. The sooner companies start reporting 
standardised sustainability data, the sooner and easier they will be able to access more favourable 
loans and financing from investors, and the sooner they will be able to contribute to the 
Sustainable Development Goals for Europe as a whole. 

KEYWORDS 

ESG, Non-financial reporting, Construction industry, Research 

INTRODUCTION 

The construction industry in general is one of the most important sectors in all developed 
economies around the world. Currently, construction companies have to cope with a number of 
challenges such as the shortage of skilled workers [1], the significant increase in the price of 
building materials [2] and energy [3] and the rise in interest rates [4]. Moreover, with the worsening 
impacts of climate change, they are forced to move towards a sustainable future. Like the global 
market, construction companies are facing new challenges in the area of non-financial reporting, 
which includes evaluation criteria in relation to environmental, social and corporate governance 
aspects, the so-called ESG. In addition to the traditional financial annual report, the European 
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Union has started to require selected companies to produce a sustainability report or ESG report 
according to European standards [5].  

MATHERIALS AND METHODS 

The research questions were selected based on the research area and topic [6]. The 
research area for the subsequent analysis focused on 'sustainability'. In this case, the research 
topic is "Implementation of environmental, social and governance (ESG) criteria in the construction 
industry based on survey data conducted between 2022 and 2024." The specific research 
objective and the main research question were then identified. The research objective was to 
analyse the results of surveys from publicly available sources provided by 10 Czech and foreign 
companies in the period 2022-2024 and, based on this, to answer the research question "What is 
the willingness of companies operating on the Czech market to include sustainability aspects in 
their corporate strategies and to publish sustainability (ESG) reports". The research methods 
included a qualitative content analysis of published results from surveys of Czech and foreign 
companies regarding the transition to sustainability and the obligation to report ESG data. 
According to [7], content analysis is a technique for extracting information and data from 
unstructured text. In this paper, its qualitative form was used due to the possibility of gaining 
deeper insights into the topic [6]. 

ESG - Three Key Factors for Assessing Corporate Social Responsibility 

The ESG concept is the result of an effort to integrate environmental and social 
considerations together with responsible governance into the decision-making processes and 
investment strategies of companies. It serves as a measurement system for social responsibility 
and sustainability in three aspects: the environment (E for Environmental), the social environment 
(S for Social) and the way in which companies are governed and managed (G for Governance) [8]. 
The results of the measurement of these three aspects are then used to assess the company as a 
whole. ESG requires measurable targets, data collection and reporting. The outputs are 
quantitative data that are numerical and measurable. The advantages are their objectivity, ease of 
analysis and good comparability. Examples of quantitative data in ESG reporting could be the 
amount of greenhouse gas emissions (GHG emissions), the proportion of energy consumption 
from renewable sources, the number of workplace accidents, the amount of waste produced or the 
percentage of women in the company's management. An increasing part of the public is 
demanding information on sustainability, in addition to EU institutions, governmental and non-
governmental organisations, such as investors, suppliers, customers and employees 
(stakeholders). Active involvement in socially beneficial activities can bring the company benefits in 
the form of greater support from these stakeholders and put it in a better position to deal with 
potential crisis situations [9]. The main motive behind the introduction of ESG is to increase 
transparency and to gain a more comprehensive view of companies' operations as well as to better 
compare them, which may ultimately encourage these companies to behave more responsibly [10]. 
A strong corporate focus on sustainability can not only attract and retain quality employees, but 
also increase existing productivity, satisfaction and motivation, and instil a sense of purpose and 
development [11]. Casey and Grenier [12] add that the market perceives companies that engage in 
responsible activities and reporting as less risky, which affects the financial performance of the 
company and the view of investors. ESG and non-financial reporting are therefore closely linked, 
with ESG as a sustainability measurement system providing key information that is then included in 
non-financial reporting. 

Corporate Social Responsibility Versus ESG 

The Sustainability Report (ESG) is based on the older concept of CSR. The main difference 
between CSR and ESG is that CSR is seen as an internal initiative to fulfil a corporate purpose. 
CSR initiatives are clearly stated and manifest in the organisation's culture and stated policies, 
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whereas ESG reflects more the external impact of the company's activities. ESG is more about an 
external assessment of an organisation's impact on society and is generally easier to measure. In 
addition to CSR and ESG, the literature also refers to a similar concept called the 'triple bottom 
line', which characterises the three main areas of interest mentioned above and in which both 
concepts are involved [13]. The difference lies in the understanding of the economic sphere, which 
ESG calls governance. CSR focuses on investor relations, supplier-customer relations, customer 
relations, transparency and anti-corruption. ESG adds to this the independence of management, 
executive remuneration, shareholder rights, tax transparency or the regularity of internal and 
external audits [14]. CSR stands for Corporate Social Responsibility. It is defined as a voluntary 
commitment of companies to behave responsibly towards the environment and the society in which 
they operate.  Compared to CSR, ESG focuses on a wider range of areas of concern and 
responsibility. The main added value of the ESG concept over CSR is the ability to assess and 
measure the extent of companies' efforts in this direction [15]. While CSR aims to make business 
responsible, ESG aims to measure this [16]. In recent years, CSR has become an important 
concern for many companies, regardless of their size or industry [17]. However, there are 
differences in the reporting and practice of CSR activities that can be specifically attributed to 
unique environmental conditions, locations, stakeholder expectations [18], industry norms and 
regulations, or firm interests [19].  Sustainability and ESG information tends to be similar across 
countries in that it focuses primarily or exclusively on the environment (E), particularly the carbon 
footprint, i.e. greenhouse gas emissions. Social issues (S) and risks associated with corporate 
governance (G) are mostly neglected [20]. Yet in the current climate where companies are fighting 
for every quality employee, the "S" is a particularly important indicator, as is the "G", because a 
company that does not manage risk or relationships with clients and suppliers will have little 
chance of success in the marketplace. According to [21], information related to Pillar S tends to be 
less reliable than for E and G, and in some regions, such as Europe, with strict privacy laws, it can 
be particularly difficult to measure and report this information. The implementation of CSR activities 
can be a source of competitive advantage [22]. According to [23], companies with strong social 
responsibility are more likely to be competitive and attract new customers. McKinsey regularly 
publishes reports and analyses on trends in the construction industry and their impact on 
sustainability and the ESG issues. According to McKinsey research (2019), more than 70% of 
consumers across industries such as construction, electronics and automotive are willing to pay up 
to 5% more for a green product if it meets the same performance standards as the same non-
green alternative [11]. The World Business Council for Sustainable Development describes 
sustainability reporting as "public reports by companies that provide internal and external 
stakeholders with a picture of the company's position and activities in the economic, environmental 
and social dimensions" [24]. ESG reporting does not imply an obligation to meet specific 
standards, ESG reporting is simply reporting on how a company is doing in terms of sustainability. 
And as Zuo et al. mention, the purpose of sustainability reporting is to reveal the company's 
commitment and achievements towards all aspects of sustainability, from the perspective of 
internal and external stakeholders [25]. 

Corporate Sustainability Reporting Directive   

In order to standardize the format of non-financial reporting and to elevate non-financial 
reporting to the level of financial reporting, the CSRD Corporate Sustainability Reporting Directive 
was adopted in 2021 [7]. The CSRD introduces stricter rules that require the inclusion of ESG 
criteria in reporting. It introduces an obligation for companies to report sustainability according to 
ESRS (European Sustainability Reporting Standards), in addition to a single electronic format. The 
aim is to ensure that the information reported is comparable, relevant and credible. The CSRD 
Directive sets out rules for sustainability disclosure for all companies that meet certain thresholds 
(see Figure 1). It also expands the reporting requirements for non-financial sustainability 
information compared to the requirements of the 2014 Non-Financial Reporting Directive (NFRD). 
The main reason is to increase transparency of companies and their value chains, to reduce 
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greenwashing, to ensure sufficient data for transforming economies and decision making of 
financial institutions [26]. 

 
 
 
 
 
 
 
 
 

 

Fig. 1-Timetable for the start of ESG data reporting 

Figure 1 illustrates the phased disclosure obligation for non-financial sustainability 
information under the EU-mandated CSRD. In the first phase, all companies that were already 
obliged to disclose information under the NFRD as of 2017 will have to report information for the 
2024 financial year. In the second phase, the obligation to disclose ESG for the 2025 financial year 
will fall on all other large companies. Those that meet at least two of the following criteria at the 
balance sheet date: a) more than 250 employees, b) net turnover more than EUR 50 million, or c) 
assets more than EUR 25 million. In the third phase (for the 2026 financial year), listed small and 
medium-sized enterprises will have to report ESG (with a possible exemption until 2028). The last 
group to report non-financial information from 1 January 2028 will be non-European companies 
with significant activities in the EU. These are parent companies from outside the EU whose 
subsidiaries have a turnover exceeding EUR 150 million. The CSRD will affect more than 50,000 
companies in the EU, compared to 12,000 companies reporting under the NFRD [27]. In the Czech 
Republic, the number of companies that have to disclose non-financial reporting will increase from 
25 (e.g. CEZ, ŠKODA Auto, Česká spořitelna, etc.) to about 1,500 [28].  

A number of national, EU and global surveys have been conducted to determine how 
prepared companies are for the obligation to implement and report on ESG (environmental, social 
and governance) criteria. The surveys focus on the readiness of companies to respond to 
increasing market and regulatory demands in the area of sustainability. These surveys help to 
identify trends, challenges and opportunities that are emerging in the implementation of green and 
sustainable practices, not only in the construction sector. 

Sustainability - Survey Results  

KPMG has been analysing sustainability reports since 1993 as part of its Survey of 
Sustainability Reporting [29]. It has data on 5,800 companies from 58 countries around the world. 
The Asia-Pacific region has the highest number of companies producing sustainability reports 
(89%), followed by Europe (82%), the Americas (74%) and the Middle East and Africa (56%). 
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Fig.2 - Global Sustainability Reporting Rates 

Figure 2 shows the percentage increase in sustainability reporting disclosure since 1993 for 
a group of the 100 most turnover-intensive companies from each country analysed (N100) and 
since 1999 for the 250 largest global companies (G250). As the chart confirms, an average of 18% 
of companies in the N100 group reported ESG data in 2002, while 20 years later, in 2022, the 
figure was 79%. The G250 shows a large percentage increase in ESG reporting, from 35% in 1999 
to 95% in 2011. Since that year, the percentage has not changed much and is on average 94%. 
Thus, it can be seen that in the last 10 years, non-financial reporting is done by most of these 
major companies (94%). According to [20], in the Czech Republic the percentage is lower, namely 
74%.  

According to the KPMG "Global Construction Survey" [30] from 2023, an increasing 
proportion of companies fully perceive the benefits of ESG and consider sustainability an important 
element of their business strategies. Similarly, property owners are increasingly turning to 
renewable energy in an effort to reduce energy costs and greenhouse gas emissions. Research 
shows that construction companies are increasingly focusing on social (S) in ESG - employee 
relations, equal pay, diversity, inclusion, corruption prevention, etc., which brings new approaches 
to address long-standing challenges in projects [30]. It is (S) that is crucial for the construction 
industry in terms of working conditions on construction sites. Better occupational safety, health and 
trained employees can contribute significantly to increased labour productivity, reduced employee 
turnover, improved company reputation and most importantly reduced workplace deaths and 
injuries. According to [31], a decreasing trend of deaths and injuries can be observed in the Czech 
Republic in all sectors, including construction. In 2023, a historical low of 77 fatal occupational 
injuries was reported. Between 1993 and 2002, the number of fatal occupational injuries was 200-
300 per year. Between 2003 and 2016, the number of deaths fell below 200. The categories of 
buildings, building structures and surfaces were the most frequent sources of fatal and serious 
occupational injuries [31]. In the environmental (E) domain, the following survey results are of 
interest [32]. Construction companies see the greatest potential for savings in insulation and 
reducing the energy consumption of buildings (42%) and in the use of renewable energy sources 
(30%). This is followed by heat recovery and heat management or recycling of materials and 
construction waste, which have been the focus of many construction companies in recent years. 
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The survey also shows that up to 17% of companies have experienced greenwashing by their 
suppliers or business partners in construction practice [32].  

 
The following results came from a survey called "The ESG Imperative" [33]. The survey was 

conducted by BDO Belgium and Mercuri Urval in 13 countries: Austria, Belgium, Czech Republic, 
Denmark, Finland, France, Germany, Italy, the Netherlands, Norway, Spain, Sweden and 
Switzerland. The aim was to assess attitudes towards sustainability, barriers and main motivations 
for change. The research covered about 150 companies by questionnaire survey and online survey 
in November and December 2023. According to [33], a large majority of the companies surveyed 
(75%) already perceive ESG as a means of value creation, not as a mere fulfillment of 
requirements dictated by the state. Companies seem to be increasingly aware of the fact that 
sustainable behaviour can drive innovation and growth. Almost all companies (97%) expect 
sustainability to change their business model and operations, with 22% saying it will completely 
transform their company. According to 64% of respondents, the transition to sustainability will have 
the biggest impact on their operations in the next 5 years. Stakeholders (42% of respondents), new 
policy and legislation (30%), threats (reputational damage and financial losses) and opportunities 
(increased attractiveness, higher margins) (23%) and easier access to capital (1%) were cited as 
the main motives for moving to sustainability. Conversely, 26% cited cost and resource constraints 
as the main barriers to transforming to sustainability, 16% cited complex supply chains, 15% cited 
cultural and behavioural barriers, and 12% cited lack of awareness and understanding. According 
to the survey, 60% are reporting on ESG, 20% are preparing their first report and 18% are planning 
to do so in the next 1-2 years. 28% of unlisted large companies and 38% of SMEs have not yet 
translated their ESG strategy into operational objectives. The stakeholders that are most pushing 
companies to be more sustainable are customers (67%), public authorities/governments (50%) and 
existing or potential employees (51%). 78% of companies have already received specific questions 
on sustainability from their customers, 58% from employees and future talent and 55% from public 
authorities/governments. It can thus be concluded that sustainability is more than just a fashion 
trend. It is a necessary transformation that is gradually changing the behaviour of businesses in all 
sectors. 

At the end of 2023, a survey called "ESG Rating" [34] was conducted in the Czech 
Republic. It was created in cooperation with the Association of Social Responsibility and CEMS - 
The Global Alliance in Management Education at the University of Economics in Prague and 
Forbes Czech Republic.The "ESG Rating" survey confirmed that there is a fairly significant 
difference in the experience of large and small and medium-sized companies when it comes to 
reporting non-financial indicators. Out of the surveyed sample of 135 Czech companies with a total 
turnover of CZK 1.2 trillion in 2022 (17.2% of domestic GDP), 61% of large companies disclose 
ESG reports, while only 22% of smaller companies do. The survey also confirmed that company 
size has a direct impact on the quality and depth of reporting. Smaller businesses cannot afford to 
employ or hire an ESG expert and lack a deeper understanding of sustainability information. 
Conversely, it is these businesses that score points against large social enterprises (S), often 
paying increased attention to their employees and local communities. Based on the results of the 
research, the top ten large and top five small and medium-sized companies were published [35]. 
The top-ranked company in the SME category was Konsit, a civil engineering company, with its 
decarbonisation strategy developed based on its carbon footprint data. It received points in area G 
for business etiquette (publicly available code of ethics, trained employees, anti-corruption 
programme, etc.) [34]. 

Other findings were reported in the "PwC CEO Survey 2024" [36]. PwC is a global network 
of professional services firms employing more than 360,000 people in 151 countries. PwC regularly 
conducts surveys that focus on environmental, social and governance (ESG) factors. These 
surveys cover all industries, including construction. As the construction industry is one of the most 
carbon-intensive sectors, there is increasing pressure for emissions reductions and energy 
efficiency improvements. Data was collected from 19 November to 10 December 2023. 4,290 
respondents, including 188 companies, participated in the global survey. The "PwC CEO Survey 
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2024" produced the following findings. The main motives for making changes to reduce carbon 
footprint, besides self-beliefs (32%), are the increase in demand for products and services with 
lower carbon footprint from customers (17%), the obligation to handle non-financial reporting 
(13%), pressure to reduce carbon footprint in the supply chain from customers (10%), and investor 
demands to reduce carbon footprint (9%). Only 4% of CEOs surveyed said that carbon footprint 
reduction is required by the financing bank. Availability of subsidies was mentioned by 2% of 
respondents. 13% are not motivated to make changes to reduce their carbon footprint. There is an 
increase in the number of companies that have implemented specific measures to reduce their 
carbon footprint (50%) or have already developed a strategy to reduce their carbon footprint (34%). 
There is also a noticeable increase in companies that measure their carbon footprint. 

Further sustainability results have been published by CEEC Research. This company has 
compiled data in the second quarterly analysis of the Czech construction industry in 2023. Data 
from CEEC Research [32] shows that ESG is playing an increasingly important role in investment 
decisions for new construction projects. Whereas previously it was mainly financial criteria and 
project performance that determined the decision, today more and more investors and developers 
are focusing on long-term sustainability and social responsibility. Almost 2/5 of the construction 
companies surveyed (38%) think that ESG criteria are very important. The data confirms that 
construction companies are implementing a range of measures to reduce their carbon footprint and 
limit negative environmental impacts. The most common measures include saving energy (71%), 
reducing the amount of mixed waste generated (57%), using recycled building materials (56%) and 
extending the life of machinery and equipment (56%). There is also a growing effort to shorten the 
supply chain and reduce traffic. 

Another survey carried out in the Czech Republic is called the "Carbon Tracker 2023". 36 
companies (23%) of the 155 largest Czech companies (by turnover in 2022) participated in the 
survey. The results of the "Carbon Tracker 2023" survey [37] show that almost every second 
company in the Czech Republic does not yet calculate its carbon footprint or refuses to disclose it 
for various reasons (51%). However, companies are beginning to address the issue of carbon 
footprint. Only 2 out of 155 companies surveyed do not intend to address this area in the next two 
years. The most frequent motives for calculating the carbon footprint are requirements coming from 
a business partner, a parent company or due to a legal obligation. A total of 38 companies (25%) 
have set decarbonisation targets, most of them at group level, focusing mainly on reducing Scope 
1 and Scope 2 (emissions from own operations). Another interesting finding is that the companies 
do not yet have a defined position for an ESG specialist. Only 5 companies out of 155 (1.3%) have 
a sustainability manager or director. 

According to the "Survey of Sustainability Reporting" [29], a study of the 100 largest Czech 
companies in terms of turnover (as of 2022), 48 domestic companies (almost 50%) list reducing 
their carbon footprint among their ESG goals. 20 companies (20%) want to achieve this goal by 
reducing their own emissions. The rest, i.e. the majority of companies, count on purchasing 
emission allowances or other offset instruments. These are mainly companies in sectors that are 
difficult to decarbonise (cement, lime, glass, etc.) or companies that postpone emission reductions 
until later [30]. 

Further findings are presented in EY's "EY EU Taxonomy Barometer 2023" [38]. In the EU 
Taxonomy Barometer, the company analysed and reported on the reporting practices of 320 
companies in 17 EU countries across 12 sectors. The companies are listed on the main stock 
exchanges of the selected countries and represent approximately 92% of the EU's gross domestic 
product. 96% of non-financial companies (265 out of 277) disclosed their taxonomy data in their 
report, 89% (236 out of 277) disclosed at least one of the three key indicators (Turnover KPI, 
CapEx KPI, OpEx KPI). 25% of companies are able to report their turnover eligibility with 
taxonomy, more than a third are not able to report activities that would support sustainable goals. 
This is often due to lack of data or inability to deliver data. 

In the autumn of 2023, the Chamber of Commerce of the Czech Republic conducted a 
survey entitled "Chamber Barometer". 444 micro, small, medium and large companies from various 
sectors of the economy and from all regions of the Czech Republic participated in the survey. 62 
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companies represented the construction sector (27 micro, 17 small, 18 medium and 3 large 
construction companies). The Chamber Barometer [39] shows that sustainability is currently being 
addressed mainly by large companies. 78% of them are actively engaged in ESG and a further 
14% are planning to do so. 37% of small companies and 28% of micro companies are already 
engaged in sustainability. 23% of micro companies (less than 10 employees) have no idea what 
the term ESG means. There is a big difference between companies that are part of large 
companies' supply chains (51% are actively engaged in ESG) and those that are not (29%). The 
results also show that the construction industry lags behind the manufacturing sector in terms of 
ESG. Almost all companies cite cost savings, the need to comply with new legislation (medium 
45%, large 61%) and the company's public image (medium 24%, large 41%) as the main reasons 
for their interest in sustainability. For very small companies, where ESG is not required, the most 
common motive is the company's own interests and values (21%). Increased competitiveness in 
the market was cited by almost a quarter of medium and large companies. Large companies also 
cited corporate policy of parent companies and pressure from customers and business partners as 
motives. For a third of small companies, the motive is to reduce labor costs or solve the lack of 
qualified workers. Looking at the sector, it appears that the long-term lack of qualified labor (29%) 
is the main motive in the construction industry. On the contrary, the factors that most demotivate 
companies to apply ESG in their strategies include unclear and complex legislation, lack of 
information, time, finance and human resources for the implementation of new rules. For small and 
medium-sized companies, it is also a fear of losing competitiveness due to higher costs or product 
prices. 41% of large companies are also worried about this, especially those from countries outside 
the EU, which are mostly not covered by similar regulations. For 31% of large companies, lengthy 
approval processes that make it difficult to implement projects are also a demotivating factor. The 
survey also shows that half of the companies surveyed have a concrete idea of how much money 
they will invest in sustainability activities over the next three years. A quarter of companies do not 
know and the last quarter do not plan to invest at all. Large companies are most likely to invest in 
ESG projects, with almost three quarters of them planning to invest millions of CZK, some even 
tens to hundreds of millions. When small and micro companies (especially self-employed) consider 
investing (32%), it is for amounts up to CZK 100,000 (3 954 euros) or in the lower hundreds of 
thousands. In particular, construction companies intend to focus on more transparent payment of 
employees, renewable energy sources and the circular economy, which should ensure greater 
self-sufficiency in the sector and better access to raw materials. The survey shows that large 
companies are aware of the new rules and are preparing for them. 12% of large companies say 
they are ready for the new legislation and a further 30% are in the process of implementing it. On 
the contrary, a quarter of large companies are still in the early stages of adapting to non-financial 
reporting and are unsure of their next steps. There are 6% of large companies that are not 
preparing at all for the change in the rules and have no plans to do so. Even if SMEs are not 
directly affected by the new rules, if they are part of the supply chain of large companies, they can 
expect new obligations to appear in their commercial contracts. The survey shows that small and 
medium-sized enterprises are not aware of this. 83% of micro companies (67% of small companies 
and 35% of medium-sized companies) are convinced that ESG does not concern them, but 74% of 
them (59% of small companies, 28% of medium-sized companies) are part of the supply chain of 
companies that will have to report on ESG. They are therefore likely to be affected by the new 
rules. 

Companies in the Czech Republic have realised that data collection and analysis will be a 
necessity as early as 2022, according to the results of a survey conducted by the Confederation of 
Industry and Transport of the Czech Republic [40]. Survey period: 5/5 - 8/6/2022, Number of 
respondents: 100 industrial companies in the Czech Republic. The survey found that 87% of 
companies actively promote sustainability and 60 per cent believe it's essential to compete. 29% of 
companies are not aware of their obligations under the ESD Directive. The most common barriers 
to implementing sustainability were identified by business representatives as lack of competent 
staff, lack of funding, lack of transparency in legislation, lack of knowledge and lack of technology 
to actually implement EGS. 
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RESULTS 

This article examines the implementation of environmental, social and governance (ESG) 
criteria in the construction industry, based on data from surveys conducted in 2022-2024. The 
findings reveal a significant disparity in ESG readiness and implementation between companies of 
different sizes and geographies. The research confirms that ESG awareness or activity declines 
with company size. Larger companies, particularly in regions with established ESG legislation 
(such as Europe and Asia Pacific), show higher levels of ESG reporting and integration into 
business strategies. These companies have significant resources and expertise to enable effective 
implementation of ESG standards, including measuring carbon footprints, reducing emissions and 
improving the social aspects of business. 

On the contrary, smaller and medium-sized companies, particularly in the Czech Republic, 
face more significant challenges. Low awareness of ESG principles and regulatory requirements, 
limited human capacity and financial resources are the main barriers to effective implementation. 
Many companies in this category do not know how to apply ESG principles in practice and lack the 
knowledge to develop sustainable strategies and reporting. The article also points to a lack of 
transparency, with smaller companies having less incentive to disclose their ESG data, despite 
growing pressure from investors and regulators. Many small and micro companies believe that 
ESG does not apply to them. They are unaware that they could be sanctioned in the future for 
failing to disclose the required information. In addition, by ignoring sustainability reporting, they risk 
financing problems and a loss of competitiveness. 

CONCLUSION 

The article highlights the growing pressure for ESG compliance, driven by investor 
demands, regulatory requirements (such as the CSRD Directive) and increasing public awareness 
of sustainability issues. While larger companies are generally more advanced in their ESG journey, 
integrating sustainable practices into their operations and reporting, smaller companies often face 
significant challenges in terms of resources, expertise and understanding. This gap requires 
targeted support and leadership to ensure equal participation across the industry. Future research 
can focus on developing practical strategies and tools to help smaller firms overcome these 
barriers and encourage wider adoption of sustainable practices across the construction industry. 
Addressing these challenges is essential to building a more sustainable and responsible 
construction industry worldwide. 
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ABSTRACT 

In this paper, a new method of steel mesh reinforced polyurethane concrete (SMPC) material 
for bridge reinforcement is proposed because of the peeling failure of the reinforced layer of steel 
mesh reinforced polymer mortar (SMPM) material. Using the excellent anti-corrosion and tensile 
properties of high-strength steel mesh, as well as the advantages of strong adhesion and fast curing 
speed of polyurethane concrete, the two materials are combined together. In order to verify the 
feasibility of this strengthening method, the mechanical properties of SMPC material are investigated 
by bending test of SMPC material sheet. The main factors affecting the tensile properties of the 
composites are analyzed by considering the test variables such as specimen width, specimen 
thickness, glue-powder ratio and curing time. Based on the simplified tension model of high strength 
steel wires and the stress-strain relationship between tension and compression of polyurethane 
concrete, the calculation method of flexural bearing capacity of composite materials is obtained. The 
test results show that the flexural strength of the composite can be improved by increasing the width 
of the specimen, and the deflection can be reduced by increasing the reinforcement ratio, while the 
influence of the glue-powder ratio on the deflection is small. 

KEYWORDS 

Steel mesh reinforced polyurethane concrete (SMPC) material, Steel mesh reinforced polymer 
mortar (SMPM) material, Flexural performance test, Analysis of influence factors 

INTRODUCTION 

With the increase of bridge operation time and vehicle load, the structural diseases of bridge are 
increasing. For bridges with structural diseases, their bearing capacity and structural durability may 
not meet the requirements of the current code. There are big security risks, demolition and 
reconstruction is not economical and unreasonable. The existing old bridges are tested and 
evaluated, and reinforced and reformed according to the actual situation of the bridges [1-3]. This 
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can not only increase the life of the old bridge in service, but also save a lot of costs, bring huge 
economic benefits to the society, and reduce the occurrence of bridge accidents [4-6]. 

The steel mesh has the characteristics of light weight and high strength, and composite mortar 
is often used as the bonding and anchoring material. The composite mortar and steel mesh is used 
to strengthen the bridge structure. Xing [7] conducted an experimental study on the flexural 
performance of reinforced concrete beams reinforced by steel mesh reinforced polymer mortar 
(SMPM) material, and the results showed that the reinforcement of reinforced concrete beams by 
PM-SWM was an effective means of flexural reinforcement. Compared with the contrast beam, the 
bearing capacity and stiffness of the reinforced beam are significantly improved, and the calculation 
method of the flexural bearing capacity of the reinforced beam is proposed. Wang [8] conducted a 
test study on the shear resistance of reinforced concrete (RC) beams reinforced by high-strength 
steel mesh and polymer mortar. The damage mode, load-deflection curve, strength, stiffness and 
ductility of the beam are studied and analyzed. The mechanical properties of the reinforced beams 
are improved, and the shear resistance is increased by 38.47% ~ 71.37%. Finally, according to the 
specification, the prediction model of the shear capacity of the test beam is established. However, 
due to the poor tensile property and bonding property of the composite mortar, the SMPM 
reinforcement layer will be stripped and damaged, and the utilization rate of the steel stranding 
network will be reduced [9-13]. 

Polyurethane concrete (PC) material not only has fast setting speed and high early strength, but 
also shows the advantages of light weight, high strength and high toughness after curing. The 
material itself has good bonding strength and acid and alkali corrosion resistance [14-17]. 
Polyurethane concrete (PC) composite material is gradually applied in the field of bridge 
reinforcement. PC material is a new type of composite material with polyurethane as matrix and 
cement as reinforcement, which has the advantages of corrosion resistance, light weight and high 
strength. Zhang [18] conducted an experimental study on reinforced concrete T-beams reinforced 
by SMPC material. Factors such as the rate of wire mesh placement and the type of material the 
wire mesh is embedded in are considered. The test results show that SMPC reinforced beams exhibit 
greater yield load, ultimate load and stiffness than PM-SWM reinforced beams, and SMPC material 
reinforced beams can effectively inhibit crack propagation. Zhang [19] conducted a study on the 
flexural performance of reinforced concrete T-beams reinforced by SMPC material, and the test 
results showed that SMPC materials could significantly improve the flexural bearing capacity of the 
reinforced beams. Compared with the beams reinforced by PM-SWM, the beams reinforced by 
SMPC materials did not have peeling damage, and it can inhibit the generation and development of 
cracks. 

In order to further apply SMPC material to practical engineering, it is necessary to further study 
the flexural properties of the composites. The four-point flexural test of thin plate specimens is carried 
out, and the failure mode and characteristics of thin plate specimens under load are investigated. 
Based on the simplified tensile model of steel mesh and the PC stress-strain relationship, the 
calculation method of flexural bearing capacity of composites is obtained, which provides a basis for 
material design and engineering application of urethane cement-steel mesh composites. 

TESTING PROGRAM 

Specimen design and preparation  

The four-point bending test of SMPC material plate with length of 400 mm was carried out. The 
thickness of the thin-plate specimens is 25 mm. The wire mesh is welded by high-strength steel wire 
with a diameter of 1mm, and the square hole size of the wire mesh is 15 mm×15 mm.  

The variables considered in the four-point bending test are the thickness of the specimen and 
the ratio of polyurethane to cement powder. Specimen widths are 120 mm, 100 mm, 80 mm and 60 
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mm, respectively. The weight of rubber powder in polyurethane concrete is 0.5, 1.0 and 1.5, 
respectively. A total of 3 specimen sets and 12 specimen groups (3 specimens in each group) were 
designed and produced, with a total of 36 thin-plate specimens. The F-a specimen set consists of 4 
specimen groups, including F-a1, F-a2, F-a3 and F-a4. Each specimen group has a different width 
to explore the influence of specimen width on the bending properties of thin-plate specimens. The 
F-b set is similar to the F-a set, each containing four test sets, and only the PU cement mix ratio is 
changed to explore the influence of PU cement powder ratio on the bending properties of the 
composite. F-c sets were used as variables for 4 groups of steel mesh with different layers, and the 
influence of steel mesh reinforcement ratio on the bending performance of the sheet was 
investigated. Detailed design parameters of thin plate specimens are shown in Table 1. 

 
Tab. 1 - Design parameters of thin plate specimens 

Specimen 
set 

Specimen 
group 

Steel mesh 
layers 

PC mix 
ratio 

Specimen 
width/mm 

Longitudinal wire 
spacing/mm 

F-a 

F-a 1 4 0.5 120 45 

F-a 2 4 0.5 100 35 

F-a 3 4 0.5 80 25 

F-a 4 4 0.5 60 15 

F-b 

F-b 1 4 1.0 120 45 

F-b 2 4 1.0 100 35 

F-b 3 4 1.0 80 25 

F-b 4 4 1.0 60 15 

F-c 

F-c 1 4 1.5 120 45 

F-c 2 3 1.5 120 45 

F-c 3 2 1.5 120 45 

F-c 4 1 1.5 120 45 

 
The production process of thin plate specimen is shown in Figure 2. The specific production 

process is as follows: 

(1)  Make a wood template, and reserve holes in the board for passing through the steel mesh. 
(2)  Pass the steel strand through the hole reserved for the template, first through the longitudinal 
steel strand, and then through the horizontal steel strand, so that the vertical steel wires and the 
horizontal steel wires constitute the steel mesh. 
(3)   Anchor both ends of the steel mesh to the side of the template with a lock. 
(4)   Use a cross buckle to fix the wire mesh, and apply impermeable glue at the opening of the 
template extending out of the wire to prevent cement from flowing out. 
(5)   Cut excess steel wire with steel wire pliers. 
(6)   Prepare release agent with silica gel and talc powder, and brush release agent on the inner 
wall of the template to facilitate later release. 
(7)   Take appropriate amount of polyisocyanate and polyol into the beaker and put it in 150° 
oven for 30 minutes. Polyurethane concrete is prepared according to the mix ratio and fully stirred 
to pour polyurethane concrete. 
(8)   After the test piece was poured, the exposed cement surface is covered with plastic wrap. 
The formwork is removed 24 h later, and the test block was put into the standard curing room for 
curing. After the curing, the test piece is taken out of the standard curing room (temperature 20±2℃) 
for testing. 
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Experimental process  

The loading of the bending test is shown in Figure 1. Switch the universal testing machine from 
tension mode to pressure mode, and install the support and loading head on the testing machine. 
Three displacement meters are arranged longitudinally at the mid-span of the thin plate specimen 
and under the loading head to measure the vertical deformation of the specimen. The displacement 
meter is arranged at the straddle and loading points respectively. The thin plate specimen is placed 
on the support, the upper and lower surfaces of the specimen are cleaned with alcohol, and the 
compressive strain and tensile strain are measured on the upper and lower surfaces as auxiliary test 
results. The load is measured in real time by a pressure sensor above the loading head. The test 
load is controlled by displacement, and the loading rate is constant at 0.5 mm/min. The test load and 
displacement meter data can be displayed on the computer in real time. 

The test is carried out by four-point loading method. The distance between the two supports is 
300 mm, the distance between the loading point and the support is 100 mm, and the distance 
between the loading point and the loading point is 100 mm.  

After the test began, the traction loading head of the universal testing machine moved downward. 
When the loading head is in contact with the thin plate specimen, the load value and displacement 
value increase uniformly. As the test continued, the thin plate specimen gradually deformed, 
accompanied by the crisp fracture sound, a long crack appeared in the middle of the specimen, and 
the polyurethane cement was damaged. In the event of failure, the fracture of the steel strand and 
the cracking of the polyurethane cement occur almost simultaneously. At this time, the thin-plate 
specimen also reached the ultimate load and maximum deflection. 

 

Fig. 1 - Four-point bending test 

ANALYSIS OF FOUR POINT BENDING TEST RESULTS  

Based on the pressure sensor and displacement meter, the load-mid-span displacement 
curve of the thin plate shaped SMPC specimen under the F-a specimen set is obtained, as shown 
in Figure 2. F-a1, F-a2, F-a3 and F-a4 have different specimen widths. The F-a1 specimen group 
with the smallest width but the largest reinforcement ratio has the largest average ultimate load of 
13.85 kN. The F-a 4 specimen group with the largest width but the smallest reinforcement ratio has 
the smallest average ultimate load, which is 5.64 kN. With the increase of load, the mid-span 
displacement growth rate of F-a1 specimen group is significantly lower than that of the other three 
groups, which indicates that a higher width of specimen can significantly inhibit the expansion of mid-
span displacement, but the width of specimen has almost no effect on the displacement growth. 
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Fig. 2 - Load-displacement curve of F-a set Fig. 3 - Load-displacement curve of F-b set 
 
The load-displacement curve of the SMPC thin plate specimen of F-b specimen set is shown in 

Figure 3. Compared with the F-a set, the F-b set is made of polyurethane concrete with a rubber to 
powder ratio of 1. The F-b1 group with the largest width has the largest growth rate. The average 
limit load of group F-b1 can reach 9.72 kN, which is 29% larger than the 7.53 kN of group F-b4 
respectively. In terms of mid-span displacement, F-b4 group has a maximum average mid-span 
displacement of 12.99 mm, which is 42 % higher than that of F-b1 group, which is 9.60 mm. In 
general, the ultimate load and the maximum mid-span displacement of each group in F-b set are 
lower than those in F-a set with rubber powder ratio of 1.5. 

The load-displacement curve of the SMPC thin plate specimen of F-c specimen set is shown in 
Figure 4. F-c sets have steel mesh with different layers to explore the influence of reinforcement ratio 
on the bending properties of composites. In general, the ultimate load is positively correlated with 
the ratio of reinforcement, and the mid-span displacement is positively correlated with the ratio of 
reinforcement. According to the trend of the curve, the load-displacement curve of F-c1 group with 
the highest reinforcement ratio increases the fastest. When the ultimate load is reached, the average 
mid-span displacement of F-c1 group is 8.85 mm. F-c4 group has the slowest load growth among 
the four groups. When the load is 5.32 kN, the specimen breaks and fails. The F-c4 group with the 
smallest reinforcement ratio also has the largest mid-span displacement in this sample set, which is 
11.66 mm. 

  

Fig. 4 - Load-displacement curve of F-c set 
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ANALYSIS OF INFLUENCE FACTORS  

The width of the specimen significantly affects the maximum deflection and ultimate load of 
the SMPC specimen. F-a1, F-a2, F-a3 and F-a4 thin plate specimens have different widths, and the 
ultimate load values along the span direction of the specimens are shown in Figure 5. With the 
increase of the width of the specimen, the maximum deflection of the SMPC specimens also 
increases. The average maximum deflection of F-a4 specimen group is 15.85 mm, and the average 
maximum deflection is 1/20 of the span. The width of F-a1 specimen group is 120 mm, and the 
maximum bearing capacity is 13.85 kN. Compared with F-a2, F-a3 and F-a4 groups, the ultimate 
load of F-a1 is increased by 11%, 38% and 59%, respectively. This also shows that the increase of 
the width of the specimen increases the bending bearing capacity of the steel mesh reinforced 
polyurethane concrete (SMPC) material. 

  

Fig. 5 - The influence of specimen width on the 
bending performance of composite materials 

Fig. 6 - The influence of rubber powder ratio on 
the bending performance of composite 

materials 

The ratio of glue to powder has a significant effect on the ultimate load of polyurethane 
concrete-steel mesh specimen, but has little effect on the maximum deflection. The relationship 
between the ultimate loads of thin plate specimens with different glue-powder ratios is shown in 
Figure 6. The maximum deflection of thin plate does not change significantly with the difference of 
PC mix ratio. The maximum deflection of F-a1, F-b1 and F-c1 specimens is 10.07 mm, 9.60 mm and 
8.85 mm, respectively, with the maximum difference not exceeding 8%. The mix ratio of PC will affect 
the ultimate bending load. The F-a1 specimen with a glue-powder ratio of 1.5 is subjected to the 
maximum ultimate load, which is 30% and 42% higher than that of F-b1 specimen with a glue-powder 
ratio of 1.0 and F-c1 specimen with a glue-powder ratio of 0.5, respectively. 
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Fig. 7 - The influence of reinforcement ratio on the bending performance of composite 
materials 

The reinforcement ratio can significantly affect the ultimate load and deflection of SMPC 
specimen. The relationship between reinforcement ratio of steel mesh and ultimate load at failure is 
shown in Figure 7. The ratio of reinforcement is negatively correlated with mid-span deflection. The 
average deflection of F-c1 specimen group with the largest reinforcement ratio is the smallest (8.85 
mm). The mid-span deflection increases gradually with the decrease of steel mesh layers. The 
average deflection of F-c4 specimen group with the smallest reinforcement ratio is the largest, which 
is 11.66 mm. The ratio of reinforcement is positively correlated with the ultimate load. The ultimate 
load of F-c1 group with the highest reinforcement ratio is 8.0 kN, 17% lower than that of F-c2 group 
with a slightly smaller reinforcement ratio of 9.69 kN, 13% and 40% higher than that of F-c3 group 
and F-c4 group, respectively. 

THEORETICAL ANALYSIS OF FOUR-POINT BENDING TEST  

Calculation model of flexural capacity 

(1)  Tension model of high-strength steel mesh 

The simplified stress-strain relationship of high-strength steel mesh is based on the double 
broken line model, as shown in Figure 8. The model simplifies the tension constitutive relation of 
steel strand into two stages. Its expression is shown in formula (1).  
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Fig. 8 - Simplified stress-strain relationship of tensile SM 
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                (1) 

Where E1 and E2 are the elastic modulus of the mesh in the first and second stages respectively. 
The elastic modulus varies according to the diameter of the steel mesh, as shown in Table 2. σSM,y 
is the tensile stress at the end of the first stage of the tensile process of the strand, and its value is 
about 80% of the ultimate tensile stress of the strand σSM,u. σSM,y is the tensile strain at the end of the 
first stage in the tensile process of the steel mesh, and its value is about 45% of the ultimate tensile 
strain σSM,u. 

Tab. 2 - Value of elastic modulus of F-c 

Steel mesh layers 
First stage elastic modulus 

E1 (GPa) 
Second stage elastic 
modulus E2 (GPa) 

1 135 32.0 

2 130 31.5 

3 108 22.5 

4 97 21.3 

(2)  PC tensile model 

The stress-strain simplified relationship of polyurethane concrete is shown in Figure 9. The 
constitutive relation of PC is simplified from quadratic function to linear relation. The simplified stress-
strain curve is shown in Figure 10. σPC,tu and εPC,tu are the ultimate tensile stress and ultimate tensile 
strain of polyurethane concrete, respectively. The expression is shown in formula (2). 
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(a) Tensile constitutive relationship of PC 
(b) Simplified tensile constitutive 

relationship of PC 

Fig. 9 - Stress-strain relationship of tensile PC 

                    PC,t PC,t PC,tE =                              (2) 

Where σPC,t and εPC,t are tensile stresses and strains of polyurethane concrete, respectively. EPC,t 
is the simplified tensile elastic modulus of polyurethane concrete, which is 4.5GPa. 

(3)  PC compression model 

The compressive constitutive relationship of PC is shown in Figure 11. The nonlinear 
compression model is adopted. The model is similar to the stress-strain relationship in ECC, which 
is divided into ascending and flattening sections. In order to facilitate calculation, the compression 
model is also simplified, and the quadratic function relationship in the ascending section is simplified 
to a linear relationship. The simplified expression is shown in formula (3). 

  

(a) Compressed constitutive relationship 
of PC 

(b) Simplified compressed constitutive 
relationship of PC 

Fig. 10 - Stress-strain relationship of compressed PC 
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Where: σPC,c is the compressive stress of polyurethane concrete, εPC,c1 is the compressive strain 
corresponding to the ultimate compressive strength of polyurethane concrete, εpc,c1 is the ultimate 
compressive strain at the top of the plate when the thin plate specimen is broken by bending, the 
ultimate compressive strain εPC,cu is 0.02.  

(4) Calculation formula of flexural bearing capacity 

In the calculation of flexural strength of SMPC material, the working condition of SMPC material 
in tension area is considered. The stress-strain distribution of the section of thin plate specimen is 
shown in Figure 11. h and b represent the height and width of the specimen respectively. h0 is the 
effective height of the section. as is the thickness of the protective layer of the steel mesh. x0 is the 
height of compressive zone of PC. σhsw,t and εhsw,t are the stress and strain of high-strength steel 
mesh. σPC,t and εPC,t are tensile stresses and ultimate tensile stresses of PC, respectively. εPC,c and 
εPC,u are compressive strain and ultimate compressive strain of PC respectively. σPC,cu is the ultimate 
compressive stress of polyurethane concrete. ψ is the tensile stress parameter of PC. 

 

Fig. 11 - Stress and strain distribution of SMPC material during bending 

According to the stress-strain distribution of the cross section of the composite material during 
bending, formula (4) is derived through the balance equation of force and bending moment: 

( ) ( ),tSM SM s 0 PC 0 0

1 1
M= x + - + 1

2 2
A h a b h x h x   

 
− − − 

 
                (4) 

Under the limit failure state of thin plate specimen, the strain and stress of high-strength steel 
mesh:                  

Where, b is the section width; h is the section height. For thin-plate specimens in this test, h is 
25mm. σSM is the stress of steel mesh. aSM is the height of the wire. For the thin plate specimen with 
the strand vertically centered, a SM is 12.5mm. aSM is the cross-sectional area of the longitudinal wire. 
The value is based on the diameter of the wire. 

CONCLUSIONS 

This paper presents a new material of steel mesh reinforced polyurethane concrete (SMPC). In 
order to verify the feasibility of this strengthening method, the mechanical properties of SMPC 
material are investigated by bending test of SMPC material sheet. The research conclusions are as 
follows: 
(1)   Increasing the width of thin plate specimens can improve the bending bearing capacity of 
steel mesh reinforced polyurethane concrete (SMPC) material. The width of the thin plate specimen 
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is 120 mm, and its maximum bearing capacity is 13.85 kN, and its ultimate load is 11%, 38% and 
59% higher than that of the F-a2 (100 mm), F-a3 (80 mm) and F-a4 (60 mm) specimens, respectively. 
Maximum deflection reduced by 37%.  
(2)   The ratio of glue to powder has a significant effect on the ultimate load of SMPC specimen, 
but has little effect on the maximum deflection. The glue-powder ratio of F-a1 specimen group is 1.5 
and the ultimate load is 13.85 kN, which is 42% and 73% higher than that of F-b1 specimen group 
with glue-powder ratio of 1.0 and F-c1 specimen group with glue-powder ratio of 0.5 respectively. 
(3)   The ultimate load of thin plate specimens increases with the increase of reinforcement ratio.  
The F-c1 specimen group exhibited the smallest mean deflection, only 8.85 mm, due to its highest 
reinforcement ratio. The ultimate load of F-c1 group with the highest reinforcement ratio reached 8.0 
kN, which was 5.8% higher than that of F-c2 group with a slightly lower reinforcement ratio of 7.56 
kN.  
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ABSTRACT 

This article focuses on efficient methods for measuring volume, especially cubature control 
in landfill inspections. Several technologies were tested involving GNSS, UAV photogrammetry, UAV 
laser scanning, and videogrammetry to find a technology that enables fast and accurate data 
collection. The research was focused as a help for the Czech Environmental Inspectorate. These 
methods were compared using processed point clouds and volume calculations in 3Dsurvey 
software, evaluating their accuracy, cost, and technical requirements. Results show that UAV 
photogrammetry and videogrammetry allow quick data collection with minimal effort and price, while 
GNSS provides precise georeferencing but has limitations in surface modelling. Laser scanning with 
UAV is precise, but expensive for typical users. The processed point clouds were analysed for 
volume estimation accuracy, confirming their suitability for landfill monitoring. This article helps 
optimize geodetic methods for environmental inspections, highlighting the strengths and 
weaknesses of each approach. The findings provide valuable guidance for selecting the most 
suitable technologies in geodetic and environmental applications. 

KEYWORDS 

GNSS, Emlid, 3Dsurvey, UAV photogrammetry, videogrammetry, volumes, L1 lidar, point 
cloud 

INTRODUCTION 

Geodesy covers a wide range of methods and has applications in many areas of human 
activity. One of them is volume computing using geodetic methods, which incorporates a range of 
advanced technologies and techniques designed to accurately measure and analyse three-
dimensional data for various applications in geodesy, engineering, environmental monitoring, and 
natural resource management. Central to this process is the use of Geographic Information Systems 
(GIS), which integrates spatial data with computational tools to analyse topography, elevation, and 
terrain. GIS allows for the visualization and manipulation of geographic data in 2D and more recently 
in 3D formats, providing a platform for the creation of digital elevation models (DEMs) or digital 
surface models (DSMs) that form the foundation for volume calculations. 

Remote sensing technologies such as LiDAR (Light Detection and Ranging) and 
photogrammetry have revolutionized volume computation. LiDAR, which uses laser pulses to 
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measure distances to the Earth's surface, generates highly accurate 3D point clouds that capture 
detailed topographic features, even in dense vegetation or difficult terrain. Photogrammetry, which 
involves the use of overlapping aerial or satellite imagery, is another powerful tool for deriving 3D 
models of the landscape. These remote sensing methods, when combined with GIS, allow for 
precise volume calculations of natural and man-made features, such as mountains, rivers, 
reservoirs, excavation sites, and construction projects. 

Additionally, Global Navigation Satellite Systems (GNSS) play a critical role in volume 
computing. GNSS provides highly accurate georeferencing and positioning data that is essential for 
precise surveying and mapping. Surveying equipment, such as total stations and digital levels, can 
complement GNSS by collecting high-precision elevation data, which is then used in volume 
computation for smaller-scale projects or areas where satellite-based data may not be sufficient. The 
integration of these technologies allows for the efficient and accurate computation of volumes, 
whether for land reclamation, flood modelling, mining, or construction, offering significant 
advantages in terms of speed, cost-effectiveness, and accuracy. Furthermore, the use of software 
platforms that can process large datasets, such as AutoCAD, ArcGIS, and specialized volume 
calculation tools, enables professionals to automate and optimize the volume estimation process. 
How it was written, determination of cubature is one of the disciplines that geodesy is dedicated to. 
Its determination can be done in several ways and by several methods.  

Cubature can be calculated classically by geodetical measuring ways using total stations, 
formerly with theodolites and measuring tapes [1], or by other geodetically methods like 
photogrammetry. New modern method of digital photogrammetry and laser scanning give us better 
solution which is more precise and easier to use.  

Aerial analogue photogrammetry has been used for a long time, for example, to monitor 
opencast mining activities, especially in brown coal mining areas. Terrestrial analogue 
photogrammetry then for computing cubature in quarries or sand pits. In nineties of 20th century 
modern digital photogrammetry began to be used based on scanned analogue images. After new 
Millenium automated digital photogrammetry based on SfM (Structure from Motion) and MVS (Multi 
View Stereo) has become very popular [2].  

This includes terrestrial photogrammetry methods, but also the very popular drone 
technology. Much of the research has been focused on determining the cubature of forest stands. 
Pavelka et al. dealt with the topic of volume calculation, but they were more interested in comparing 
the RPAS method with other geodetic methods [3]. The use of digital aerial photogrammetry is 
mentioned e.g. by Kovanič et al. [4]. Tomljanović, et al discuss problems and using of drones in 
forestry [5].  

Other technology used is laser scanning in terrestrial aerial or mobile applications. Mobile 
mapping especially as personal handheld technology seems to be very useful and popular in recent 
years. Běloch et al. analyses using and precision of mobile laser scanning [6], Štroner et al use 
drones with lidar sensor for volume calculations. Integration of DJI Zenmuse L1 LiDAR with 
Photogrammetry Software for Enhanced Data Acquisition, explored the integration of the DJI 
Zenmuse L1 LiDAR system for improved data acquisition and processing. The findings 
demonstrated the system's effectiveness in capturing detailed terrain information and generating 
precise digital models [7].  

Another method common in surveying is the use of GNSS. For example, Emlid's Reach RS3 
technology was tested by Oniga et al to verify whether it makes sense to use ground control points 
(GCP) in drone photogramnmetry for building model [8]. Using GNSS for monitoring or collecting 
geographical data is typical in technical or geographical practice [9], [10].   
Lian et al explore a new non-contact targeting technology, namely videogrammetry. They discuss 
the principles, processes, and typical examples of its application. It is also one of the most significant 
sources for understanding the functioning of videogrammetry [11]. The videogrammetry method, 
which can be considered one of the most accessible and inexpensive, has been used in computer 
vision calculations in forest exploration, where it has played a major role in collecting date [12]. 
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It is necessary to mention the data collecting with UAV in general. Drone cameras, such as 
the P1 photogrammetric camera from DJI, give a large possibility of using in urban planning for 
example. Its quality was investigated at HafenCity University Hamburg, where it was flown over the 
test area and compared, among other things, with the LiDAR L1, also from DJI [13].  

The research highlighted the system's capability to produce high-quality digital terrain models 
and its suitability for various surveying tasks. Next article compared different UAV-LiDAR systems, 
including the DJI Zenmuse L1, for environmental monitoring purposes. The study emphasized the 
importance of selecting appropriate processing software, such as 3Dsurvey, to achieve accurate 
results [14],  [15]. The result of the calculations is then a digital terrain model that is then compared. 
Reportedly, 3Dsurvey uses the same method of model calculation as described by Guo et al, , who 
described it as a regular pyramid hierarchy [16]. 

In the Czech Republic, there is a precise digital relief model (DMR 5G) of the entire country, 
which can be used by people for free. But it has a limited resolution (1-2 points on sqr. meter in open 
landscape) and accuracy (the reported mean squared height error is 0.18 m in exposed terrain and 
0.30 m in wooded terrain), and it is more than 12 years old. The inspection people were also 
interested in comparing it with this model, because they often get into situations where they discover 
a black dump and need to compare the surface before and after contamination. DMR 5G is the 
subject of an article that discusses its use for other state mapping work [17]. All the methods 
described above show, among other things, how surveying is moving into completely different 
dimensions than it was ten to fifteen years ago. The problem of effectively educating the modern 
surveyor is addressed in [18]. This article may also point out that what was previously done only by 
a surveyor can now be done by another worker after training. In this research the 3Dsurvey software 
was used for computing of cubature calculations [19]. 

METHODS 

A total of four measurement methods were used, which included the terrestrial and aerial 
variants. The methods were chosen to be the least demanding for the surveyor, field measurements 
and greater knowledge. 

Test area 

A test site was used to investigate the usability of the technologies and to compare their 
financial performance. The test site selected was city the Radim landfill in the Central Bohemian 
Region. 
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Fig.1 - Map of tested area, Radim, screenshot from https://mapy.cz, [50°03'49.7"N 15°01'01.4"E] 

 

 

 

Fig.2 - Preparation by DJI M300, Emlid RS3 base station and 3gon Positioning worker, photo by 
O.Váňa 

Used technology 

GNSS 

GNSS technology Emlid Reach RS3 was used. It was chosen because it is easier to operate 
for the general user. Anyone can download the app to their mobile phone. In RTK mode, the 
technology measures H: 7 mm + 1 ppm and V: 14 mm + 1 ppm. At the same time, it can measure 
with a tilt angle of maximal 60°, making the worker's job easier by not having to hold the spirit level 
[20]. 

UAV - Photogrammetry 

Photogrammetry was used twice. From DJI compan, the Zenmuse P1 and Mavic 3 Enterprise 
sensors were used. The DJI P1 sensor has a pixel size of 4.4 µm, 45MPix, 3-axis stabilization system 
and an aperture range of f/2.8-f/16. The carrier drone was the DJI Matrice 300 RTK. The DJI P1 was 
connected to an Emlid base station - for the purpose of collecting correction data [21]. 

Fig.3 - GNSS Emlid RS3, photo by O. Váňa Fig.4 - Samsung Galaxy TAB 3, photo by O. 
Váňa 
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Mavic 3 Enterprise (M3E) incorporates a 4/3 CMOS sensor with 20MPix and with aperture 
range f/2.8-f/16. This drone was flown on an RTK correction connection through private provider 
TopNET [22]. 

UAV - LiDAR 

DJI Zenmuse L1 sensor was used as the technology with LiDAR data collection. As in the 
case of M3E, it was also subject to corrections from the TopNET provider. The DJI L1 has an 
accuracy of around 3cm in point position at 100 m, 240,000 points per second, ideally from the 
altitude 50 m above the ground. It uses an RGB camera to colour the point cloud. Its disadvantage 
is that it must be computed in DJI's software, namely TERRA. This is not the case for 
photogrammetry [20]. 

Videogrammetry 

The video record was done with a Samsung Galaxy TAB 3 tablet, which was installed with 
3Dsurvey software and Emlid Flow application, which turns the GNSS RS3 into a mock location. The 
software on the tablet then records the video and telemetry data. The result is then a video with the 
camera location data at a specific time. Accuracy is determined by the quality of the captured video 
and the lens in the tablet. 

Fig.8 - Processing flow chart 

DATA COLLECTION 

To ensure accurate volume calculations, multiple geodetic measurement techniques were 
employed, as detailed in the previous section. A crucial aspect of data collection was the meticulous 
planning of aerial surveys, optimization of image overlap, and strategic placement of 
photogrammetric control points. 

Planning of Aerial Missions 

The aerial missions were carefully designed considering the characteristics of the surveyed 
area, the required resolution, and the available technological capabilities. For UAV-based 

Fig.5 - DJI P1, Heliguy.com Fig.6 - DJI M3E, DJI.com Fig.7-DJI L1, Heliguy.com 
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photogrammetry, an optimal flight altitude of 50 meters was determined to achieve the desired 
Ground Sampling Distance (GSD). The flight trajectories were structured to ensure uniform coverage 
of the target area while maintaining adequate image overlap, as detailed below. 

Image Acquisition and Resolution 

A total of 250 images were captured with UAV DJI M3E, and 184 images with the DJI P1, 
providing a sufficient density of points for subsequent processing in 3Dsurvey software.  

In addition to standard photogrammetry, videogrammetry was employed using a high-frame-
rate recording device. Although videogrammetry generally exhibits lower data fidelity compared to 
conventional snapshot-based photogrammetry, its precision remains adequate for volumetric 
computations. 

Flight time for DJI M3E was 12 minutes, for DJI P1 with Matrice 300 RTK carrier 15 minutes 
and for L1 LiDAR 14 minutes. Flight altitude was typically 50 metres. 

Image Overlap Optimization 

To enhance reconstruction accuracy, UAV photogrammetry adopted 80% lateral overlap and 
70% longitudinal overlap between images. These parameters were selected based on established 
theoretical knowledge to maximize data redundancy and ensure precise point triangulation for 3D 
modelling. It was used by both photogrammetrical systems. 

Control Points for Accuracy Enhancement 

Control points were systematically distributed across the surveyed terrain, with a higher 
concentration in regions exhibiting pronounced topographic variations. A total of six GCPs were 
employed, measured using GNSS technology with a 2–3 cm spatial precision. The measurements 
were conducted using EMLID GNSS receivers in RTK mode, leveraging internet-based corrections. 

 

Fig.9 - Placement of Ground Control Points, by O. Váňa 
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RESULTS 

Processing of all data was done in 3Dsurvey software. Both photogrammetry and 
videogrammetry data processing were made and then calculation of terrain model and subsequent 
calculation of cubature.  

 

Fig.10 - 3Dsurvey, DJI L1 technologies, DSM reduction model - 25,944,464 triangles, by O. Váňa 
 

 

Fig.11 - 3Dsurvey, DJI M3E technologies, DSM reduction model - 27,096,300 triangles, by O. 
Váňa 
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Fig.12 - 3Dsurvey, GNSS technologies, DSM reduction model - 165 triangles, by O. Váňa 

 

Fig.13 - 3Dsurvey, DJI P1 technologies, DSM reduction model - 33,503,652 triangles, by O.Váňa 
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Fig.14 - 3Dsurvey, Videogrammetry technologies, DSM reduction model - 14,932,760 triangles, by 
O.Váňa 

This software is a robust software where photogrammetry, videogrammetry, processed 
LiDAR data and a list of coordinates from GNSS measurements were calculated. The software can 
also calculate a terrain model from these measurements so that everything can be compared. All 
measurement methods were in the Czech Mandatory Coordinate System S-JTSK and altitude Bpv. 
The main comparison pile was the middle part. The comparison plane here was the height of the 
concrete surface for each measurement separately and the data taken from the DMR 5G. The first 
testing was to check the DMR 5G heights against the GNSS Emlid RS3 and M3E measurements, 
which are sufficient for verification, as the remaining P1, L1 and videogrammetry methods are based 
on GNSS Emlid RS3 measurements. This testing is very important for the environmental 
inspectorate, because many times they must look for the original condition before the material was 
buried and therefore must calculate the change of the original terrain. 

Fig.15– Graph comparing the height of a selected point in the area surrounding the landfill, always 
using two independent technologies with DMR 5G. 
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The inspection, which verifies the accuracy of landfill volumes, uses DMR5G as a reference 
from the time when the landfill did not exist, i.e., the original terrain. For smaller landfills, the accuracy 
of the original terrain is essential for accurately deriving the landfill volume. In this case, a total of 5 
points were surveyed in the area around the landfill using various technologies (see Figure 15) to 
verify the accuracy and reliability of DMR5G locally. The points were selected at random, and 5 
points is not a large number and depends on their selection. Nevertheless, the data show that in this 
case, the state digital terrain model 5G (DMR) always shows an average vertical error of 51 cm when 
comparing two independent technologies (ground measurements and aerial measurements), as can 
be seen in Figure15. This comparison was carried out as an additional independent verification of 
the data, and the Czech inspection authority relies primarily on this data when imposing any 
penalties. This means that a certain margin of error must be allowed for small landfills. 

According to the Czech Office of Surveying and Cadastre, the reported mean squared error 
in open countryside is approximately 18 cm, suggesting that elevation accuracy varies significantly 
depending on the measurement method and environmental conditions. This discrepancy 
underscores the need for careful calibration and validation of remote sensing data when used for 
precise geospatial applications [23].  

 

Fig.16 - Comparison of volumes from different technologies 

Here it is a very active area, so some surface treatment may have been carried out shortly 
before the day of the measurement. Another comparison is the results of the volumes calculated by 
different technologies. The comparison of elevation measurements using GNSS technology and the 
more precise laser scanning method shows differences in the range of a few centimetres, but for 
peak measurement points, the deviations can exceed 10 cm. A detailed analysis can be found in the 
profiles of individual measurement points at the peaks of the surveyed volume (see Figures 17,18). 

A key conclusion of this study is that while GNSS technology has certain inaccuracies in 
determining point positions, especially when tilt-based measurements are used, the primary factor 
affecting measurement accuracy was not the technology itself but rather the insufficient distribution 
of measurement points for volume assessment. The author of this study considers the density and 
placement of points to be the main reason for the observed differences compared to other methods. 
Moreover, GNSS technology focuses less effectively on volumetric objects than other methods due 
to its selective nature. Measurement points are chosen directly in the field, which can lead to 
distortions in the terrain model. For example, when measuring volumetric objects, attention is usually 
given only to the bottom and top boundaries, which affects data interpretation, as illustrated below. 
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Fig.17-GNSS (red colour) and L1 data comparison, by O. Váňa 

 

Fig.18 – Cross-sections of the point cloud measured by GNSS (pink colour) and L1 (blue colour)  
for elevation difference comparison, by O. Váňa 

When performing local measurements with GNSS, it is essential to select the points that 
define the shape of the landfill. If they are selected correctly, the shape and the resulting volume can 
be used. However, it is not always possible to measure the landfill with such precision. 
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Fig.19 – Comparison of price for used technologies 

CONCLUSION 

A comparative analysis of GNSS, UAV photogrammetry, UAV laser scanning, and 
videogrammetry methods was successfully conducted. Additionally, a check measurement was 
performed to determine if DMR5G could be utilized at this site or if it indicated any terrain alterations. 
However, the average resulting value of 51 cm suggests that the measured location is an active 
landfill, which may have been temporarily landscaped on the day of the DMR5G measurement. 
Despite this, the comparison of the volumes themselves was surprisingly successful. 

GNSS measurements stand out significantly. One major drawback of GNSS is the manual 
data selection. In the field, the surveyor must manually choose measurement points, which can 
greatly distort the site's perception unless considerable time is spent measuring and selecting points. 
Despite this, the technology is quite affordable; for instance, the Emlid RS3 is priced at around 
€3,000 and does not require any additional software to produce outputs in a binding geodetic 
coordinate system. 

Videogrammetry might be the most advantageous method. It is relatively inexpensive as it 
can be implemented with any Android device paired with an external GNSS receiver, such as the 
Reach RS3. Although this method yields better results, it still requires manual traversal of the entire 
measurement area. Additionally, software must be purchased to process the video data. 

Drones, such as DJI L1, P1, or M3E, have proven to be highly accurate. However, the main 
disadvantage is the need for permission to fly over the area. Without permission, other technologies 
mentioned earlier must be used. The most precise method is likely DJI L1 LiDAR data acquisition, 
which does not require point cloud calculations based on photographs, unlike the DJI P1 and M3E. 
However, acquiring the DJI L1 necessitates purchasing a carrier like the Matrice 300/350, DJI Terra 
for data processing, and software for cubature processing. For the DJI P1, while DJI Terra is not 
strictly necessary, it still requires additional software for optimal results. 

If we have permission to fly in the area and we are looking for the easiest solution for volume 
mapping without requiring results in the mandatory Czech geodetic system, the most suitable choice 
including software is the DJI M3E + 3Dsurvey for €7,900. If flying is not an option, the most suitable 
method is videogrammetry using an Android phone with an external GNSS receiver and 3Dsurvey, 
totalling €5,999. 

A new feature in this field is mapping using LiDAR on iOS Pro and Pro MAX versions, which 
unfortunately were not available for this measurement. Their advantage lies in the collection of point 
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clouds and, thanks to GNSS, direct output in the binding geodetic system. The future of this study 
aims to test this technology on a large scale, starting with a comparison of LiDAR data. 
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ABSTRACT 

With the increasing span of cable-stayed bridges, the self-weight of the structure accounts for a 
large proportion. The π-type beam, due to its small cross-sectional area, can significantly reduce the 
self-weight and cost. It is suitable for double-cable surface system cable-stayed bridges and has 
therefore experienced rapid development. This paper takes a prestressed π-type beam cable-stayed 
bridge in China as an engineering example, and focuses on the overall and local parameter 
sensitivity of the structure, as well as the force characteristics under cable damage. The main factors 
causing cable damage in prestressed π-type beam cable-stayed bridges are analyzed, and the 
selection of elastic modulus as the damage variable is determined. Based on the finite element 
model analysis of the actual bridge, different cable damage simulations are selected to analyze the 
static variations of the main beam and cables caused by single-side, symmetrical, and asymmetrical 
cable damage, as well as the dynamic variations of the overall bridge. It significantly affects the 
vertical displacement of the short main span main beam. When the short cable is damaged 100%, 
the maximum deflection of the main beam can reach up to 5.29 mm. when the medium cable is 
damaged 100%, the maximum deflection of the main beam can reach up to 17.87 mm. This analysis 
provides a reference for the mechanical performance analysis of prestressed π-type beam cable-
stayed bridges under similar cable damage conditions in the future. 

KEYWORDS 

Cable-stayed bridge, π-shaped beam, Finite element analysis, Static performance  

INTRODUCTION 

A cable-stayed bridge is a large-span statically indeterminate structural system composed of 
towers, beams, and cables. Currently, both domestic and foreign cable-stayed bridges often adopt 
a cable-dense system [1-3]. Due to the excellent lateral force performance and large flexural rigidity 
of the closed box section main beam, it is widely used in various forms of cable-stayed bridges. In 
order to enhance the wind resistance, inclined webs are often used, which also increase the 
construction difficulty. Due to practical needs and the maturity of construction techniques, the span 
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of cable-stayed bridges continues to increase, resulting in an increasing proportion of the structure's 
self-weight to the applied load. In response to this, bridge designers have proposed the use of a π-
shaped main beam section to reduce the self-weight of the main beam [4-6]. 

Currently, research on prestressed π-type beam cable-stayed bridges has mainly focused on 
the optimization of cable forces, both domestically and internationally, while studies on the effects of 
parameters on the operational stage of prestressed π-type beam cable-stayed bridges are relatively 
scarce [7]. The overall structural parameters have a significant impact on cable-stayed bridges, 
where auxiliary piers, located between the bridge piers and towers, play a supportive role in 
significantly improving the overall stiffness of cable-stayed bridges and reducing the vertical 
displacement of the main beam [8-11]. Under live loads, the use of auxiliary piers can effectively 
reduce the internal forces and limit the vertical displacement of the main beam, while also reducing 
the negative reactions at the auxiliary piers. This makes it more convenient to provide counterweights 
for short main spans in cable-stayed bridges with π-shaped beam sections, which is advantageous 
for the overall structure [12]. Additionally, certain local structural parameters also have a significant 
impact on cable-stayed bridges. As cable-stayed bridges are large-span statically indeterminate 
structures, factors such as temperature changes cannot be ignored in their performance analysis 
[13]. Therefore, conducting in-depth research on the effects of overall and local parameter variations 
on the structural performance of π-type beam cable-stayed bridges is of great importance for their 
development [14]. 

As a critical component of the entire system, the stay cables bear the majority of the load acting 
on the main beam. However, during daily operation, various factors such as sheath damage, wire 
corrosion, and vibration fatigue can cause damage to the stay cables to varying degrees. The 
damage to the stay cables leads to a redistribution of cable forces across the entire bridge and can 
induce varying levels of deflection in the main beam, directly affecting the service life of the bridge 
[15-16]. Currently, research on cable damage mainly focuses on integral box girder and other main 
beam forms of cable-stayed bridges, and there is limited research on the effects of cable damage 
on π-shaped beam cable-stayed bridges. With the continuous improvement of inspection methods, 
a series of protective measures have been developed for cable damage. However, these measures 
cannot guarantee the safe operation of cable-stayed bridges entirely. If the impact of cable damage 
on the structural performance of π-shaped beam cable-stayed bridges can be studied, it can provide 
theoretical support for daily maintenance projects of π-shaped beam cable-stayed bridges. 

ENGINEERING BACKGROUND 

The engineering background of this study is a single-tower cable-stayed bridge with pre-
stressed π-shaped beams in Jilin Province, China. The total length of the bridge is 617.06 m, and 
the span combination is 39.9 m+89.1 m+151 m, with the second span being the main bridge section 
under investigation. The main bridge adopts an "H" shaped single-tower double-plane cable-stayed 
bridge with precast concrete (PC) beams. The span combination of the main bridge is 39.9 m + 89.1 
m + 151 m. The main bridge structure is a fixed system, with a 2.0 % bidirectional cross slope in the 
transverse direction, and designed for City-Class A loading. The main tower has a total of 18 pairs 
of spatial cables arranged in a fan shape. The inclined cables are arranged at a distance of 0.8 m 
from the edge of the main beam. The layout of the pre-stressed π-shaped beam cable-stayed bridge 
is shown in Figure 1. 
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Fig. 1 – Layout diagram of the main bridge 

(1)  Main beam structure  

The main beam adopts a pre-stressed concrete "π" shaped cross-section. The width of the main 
beam section is 26.5 m, and the height is 2.3 m. It is designed with a bidirectional 2% cross slope. 
The basic spacing of the transverse beams is 3.9 m, 3.65 m, and 4.25 m. The transverse beams are 
all equipped with pre-stressed steel hinge lines. The main beam is connected to the main tower 
using a fixed system, and both the main beam and the transverse beams are made of C55 concrete. 

(2)  Main tower 

The main tower of the cable-stayed bridge adopts an H-shaped main tower. The height of the 
main tower is 117.318 m. The cross-section of the tower column is a hollow rectangular shape, with 
a full width of 6.8 m in the middle and upper tower columns longitudinally, and a width of 4.0 m in 
the transverse bridge direction. The upper part of the lower tower column gradually increases from 
a width of 6.8 m to a full width of 8.8 m longitudinally, and the width in the transverse bridge direction 
gradually increases to 7.5 m. 

The cross-section of the transverse beam is a hollow rectangular shape. The upper transverse 
beam has a rectangular cross-section of 6.2 m × 4 m, while the lower transverse beam has a width 
of 6.4 m and a height ranging from 6 m to 6.27 m. A tower pedestal with a height of 3 m is provided 
at the top of the main tower's bearing platform. Except for the lower transverse beam, which is made 
of C55 concrete, the rest of the main tower structures are made of C50 concrete. 

(3)  Stay cable 

The main tower is equipped with a total of 72 stay cables, with each cable spaced at a designed 
interval of 7.8 m. The cable spacing changes to 7.8 m, 7.3 m, and 4.25 m corresponding to the length 
variations of the main span's cast-in-place segments. The stay cables are positioned 0.8 m away 
from the edge of the main beam cross-section. The stay cables are all made of Φ s 15.2 steel strand 
with a standard strength of 1860 MPa. The stay cable numbering is shown in Figure 1. 

FINITE ELEMENT ANALYSIS MODEL 

The finite element model of this prestressed π-type girder cable-stayed bridge is established 
and analyzed using the specialized bridge analysis software, Midas Civil. The main beam and main 
tower are simulated using 2D beam elements, with section dimensions set to match the actual 
conditions. The overall finite element model of the prestressed π-type girder cable-stayed bridge 
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consists of 483 nodes and 399 elements, with 327 beam elements, including 235 main beam 
elements and 92 main tower elements. There are 72 truss (stay cable) elements that only experience 
tension. The complete bridge finite element model is shown in Figure 2. 

The main beam and main tower are simulated in the cable-stayed bridge using the shared node 
approach to model the fixed support system. The auxiliary piers and main beam are rigidly connected, 
and the connection between the stay cable anchorage points, main beam, and main tower is 
simulated using rigid connections as well. The transverse beams on the main beam and main tower 
are made of C55 concrete. The lower transverse beam of the main tower, upper tower columns, 
middle tower columns, lower tower columns, and tower base are made of C50 concrete. The 5# 
auxiliary pier is made of C40 concrete. 

Both longitudinal and transverse prestressing tendons are made of high-strength low-relaxation 
prestressing strand with a single strand diameter of Φ s 15.2 mm. The standard strength of the strand 
is 1860 MPa, with an elastic modulus of 1.95×105 MPa, and a cross-sectional area of 140 mm2. 

 

Fig. 2 – The finite element model of the main bridge 

STATIC PERFORMANCE ANALYSIS OF THE PRESTRESSED Π-TYPE GIRDER 
CABLE-STAYED BRIDGE UNDER IDENTICAL DAMAGE CONDITIONS OF STAY 
CABLES 

In order to analyze the influence of stay cable damage on the static performance of the structure, 
the most deviated stay cable at the furthest point from the main tower is selected from the long, 
medium, and short cables as a representative stay cable for damage simulation and analysis. 

Analysis of the Influence of Static Performance under the Same Level of Damage for Single-
side Stay Cables 

This section primarily focuses on the analysis of the influence of single-side stay cable damage 
at the same level of 60% on the static characteristics of the prestressed π-type girder cable-stayed 
bridge. The load combinations are shown in Table 1.  
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Tab. 1 - Damage load combination table 

Operating conditions Cable damage Cable identification 

Operating conditions 1 
Secondary span and short 

main span cable damage 
B6 

Operating conditions 2 
Secondary span and short 

main span mid-cable damage 
B12 

Operating conditions 3 

Secondary span and short 

main span long-cable 

damage 

B18 

Operating conditions 4 
Long main span short-cable 

damage 
Z6 

Operating conditions 5 
Long main span mid-cable 

damage 
Z12 

Operating conditions 6 
Long main span long-cable 

damage 
Z18 

Using the Midas Civil software, the six working conditions mentioned above can be simulated 
by changing the elastic modulus of the inclined cables. The analysis will provide the internal force 
variation of each cable and the vertical displacement variation of the main beam under each working 
condition, as shown in Figure 3 and Figure 4. The maximum displacement variation values can be 
found in Table 2. In the cable force variation graph, negative values represent the inclined cable 
condition without any damage. 

In comparison with the cable forces, for this working condition, the cable force of the inclined 
cable is reduced. A positive value represents the internal force of the inclined cable in comparison 
with the undamaged cable condition, and for this working condition, the cable forces of the inclined 
cable are increased. In the vertical displacement variation graph of the main beam, a positive value 
indicates that the point on the main beam moves upward after cable damage, while a negative value 
indicates that the point moves downward compared to the situation before cable damage. 

 

Fig. 3 – Graph of cable force variation for damaged inclined cables 
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Fig. 4 – Graph of vertical displacement variation of the main beam with damaged inclined cables 

From Figure 3, it can be observed that for 60% damage to the inclined cables on auxiliary and 
short main spans, the decrease in cable force variation value around the damaged cable decreases 
gradually with increasing distance. However, in the case of damage to the short and medium cables, 
the aforementioned decrease trend is more prominent, indicating that the excessive tensile force 
after damage to the long cable is not evenly distributed to the surrounding inclined cables. In the 
case of 60% damage to the inclined cable on the long main span, the damage to the long cable has 
minimal impact on other inclined cables, and the excessive tensile force after damage is distributed 
to the surrounding inclined cables to a similar extent when damage occurs to the short and medium 
cables. 

Overall, the damage to the inclined cables has limited impact on the surrounding cables, with 
only a significant effect on approximately 24 nearby cables. The influence on distant cables is 
relatively small. When the inclined cables are damaged, there is a change in cable force for the 
damaged cables. 

The decrease in value is most pronounced, and the cable forces on both sides of the damaged 
inclined cables will increase to varying degrees. The magnitude of the increase in cable force will 
gradually decrease with increasing distance from the damaged inclined cables, but there will be a 
certain degree of decrease in the cable forces on the opposite side inclined cables. 

From Figure 4 and Table 2, it can be concluded that for the auxiliary span, the impact on the 
vertical displacement can be considered negligible due to its small span and the occurrence of cable 
damage throughout the bridge. For the short main span, there is only a noticeable deflection in 
scenarios 1 and 6 compared to the undamaged condition, with a maximum deflection of 3.11 mm 
observed in scenario 1. However, in scenarios 5 and 6, an upward deflection is observed at various 
points compared to the undamaged condition, with a similar level of impact on the short main span 
in both scenarios. For the long main span, scenario 5 shows a significant impact on the vertical 
displacement, with a peak value of up to 8.05 mm. 

Generally speaking, the closer the damaged inclined cable is to the location of maximum 
bending moment on the main beam, the greater the impact on the vertical displacement of the main 
span.  
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Tab. 2 - Table of maximum displacement changes 

Operating 

conditions 

Operating 

conditions 1 

Operating 

conditions 2 

Operating 

conditions 3 

Operating 

conditions 4 

Operating 

conditions 5 

Operating 

conditions 6 

Maximum 

positive 

displacement 

(mm) 

0.2 0.58 0.7 0.03 0.11 1.28 

Maximum 

negative 

displacement 

(mm) 

3.11 2.5 3.57 5.38 8.05 0.68 

Analysis of the Influence of Symmetric Inclined Cables with the Same Level of Damage on 
Static Performance 

The main study focuses on the analysis of the influence of symmetric inclined cables with the 
same level of damage (60%) on the static characteristics of prestressed π-type girder cable-stayed 
bridges. The combination of working conditions is shown in Table 3. 

Tab. 3 - Table of damage condition combinations 

Operating conditions Cable damage combinations Slant cable numbering 

Operating conditions 7 

Damage to four short cables 

on the left and right sides of 

the main tower 

B6+ Z6 

Operating conditions 8 

Damage to four intermediate 

cables on the left and right 

sides of the main tower 

B12+ Z12 

Operating conditions 9 

Damage to four long cables 

on the left and right sides of 

the main tower 

B18+ Z18 

Using the Midas Civil software, the three scenarios mentioned above were simulated for cable 
damage by modifying the elastic modulus of the slant cables. The analysis results include the 
variation of internal forces in each cable and the vertical displacement of the main beam as shown 
in Figure 5 and Figure 6. The maximum displacement variations are listed in Table 4. In the cable 
force variation graphs, negative values represent a decrease in cable force compared to the intact 
condition of the cables, indicating a decrease in cable force for that scenario. Positive values 
represent an increase in cable force compared to the intact condition of the cables, indicating an 
increase in cable force for that scenario. In the vertical displacement variation graph of the main 
beam, positive values indicate an upward movement of the corresponding point of the main beam 
after cable damage, while negative values indicate a downward movement compared to the pre-
damage condition of the cable. 
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Fig. 5 – Symmetric cable force variation diagram for damaged inclined cables 

 

Fig. 6 – Symmetric inclined cable damaged main beam vertical displacement variation diagram 

According to Figure 5, it can be concluded that the largest variation in cable force occurs when 
damage is present in the diagonal cables of auxiliary spans and short main spans, with a decrease 
of 497 kN and a variation range of 6.87%. Similarly, for the diagonal cables in long main spans, the 
cable force variation is most significant, with a decrease of 508 kN and a variation range of 12.9%. 

According to Figure 6 and Table 4, it can be concluded that for the auxiliary spans, the influence 
of symmetric cable damage on the vertical displacement of the main beam can be negligible. For 
the short main spans, the vertical displacement is most significantly affected by symmetric short 
cable damage, with a maximum variation range of 3.08 mm. Similarly, for the long main spans, the 
symmetric middle cable damage has the most significant impact, with a maximum variation range of 
10.50 mm. Moreover, the peak variation in displacement is close to the location of the damaged 
cable in the long main span. 

Tab. 4 - Damage load combination table 

Operating conditions 
Maximum positive 

displacement (mm) 

Maximum negative 

displacement (mm) 

Operating conditions 7 0.20 5.66 

Operating conditions 8 0.53 10.50 

Operating conditions 9 0.07 2.41 
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Analysis of the Influence of Static Performance under the Same Degree of Damage for 
Asymmetrical Inclined Cables 

The main study focuses on the analysis of the effects of asymmetric inclined cables with pre-
stressed π-type beam cable-stayed bridge on the static characteristics of the cable-stayed bridge 
under the same damage level of 60%. The combinations of damage conditions are listed in Table 5. 

Tab. 5 - Combination of damage conditions 

Operating conditions Cable damage Diagonal cable number 

Operating conditions 10 

Damage to the left short cable 

and right middle cable on the 

main tower 

B6+ Z12 

Operating conditions 11 

Damage to the short cable on the 

left side and the long cable on the 

right side of the main tower 

B6+ Z18 

Operating conditions 12 

Damage to the middle cable on 

the left side and the short cable 

on the right side of the main tower 

B12+ Z6 

Operating conditions 13 

Damage to the middle cable on 

the left side and the long cable on 

the right side of the main tower 

B12+ Z18 

Operating conditions 14 

Damage to the long cable on the 

left side and the short cable on 

the right side of the main tower 

B18+ Z6 

Operating conditions 15 

Damage to the long cable on the 

left side and the middle cable on 

the right side of the main tower 

B18+ Z1 

Using the Midas Civil software, the damage simulation of the 6 working conditions through 
changing the elastic modulus of the inclined cables is conducted. The variations in cable forces and 
vertical displacements of the main beam under each working condition are shown in Figure 8 and 
Figure 8. The maximum displacement change values are listed in Table 6. In the cable force variation 
graph, negative values indicate a decrease in cable force compared to the intact condition, while 
positive values indicate an increase in cable force. In the vertical displacement variation graph of the 
main beam, positive values indicate an upward movement of the point after cable damage, while 
negative values indicate a downward movement compared to the pre-damage state. 
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Fig. 7 – Asymmetric inclined cable damage cable force variation graph 

 

Fig. 8 – Graph showing the variation of vertical displacement of the main beam due to asymmetric 
inclined cable damage 

From Figure 7, it can be concluded that when asymmetric damage occurs in the inclined cables 
of the entire bridge, the increase in cable force will not be affected by the damage to the cables on 
the other side of the main tower. It is essentially equivalent to a combination of cable force increment 
values under the condition of damage to a single side of the cables. 

From Figure 8 and Table 6, it can be concluded that for the auxiliary span, regardless of the 
combination of asymmetric damage in the bridge cables, the impact on its main beam vertical 
displacement can be negligible. However, for the short main span, load case 11 has the most 
significant influence on its main beam vertical displacement, with a variation value of 3.71 mm. 
Similarly, for the long main span, load case 15 has the most significant influence on its main beam 
vertical displacement, with a variation value of 11.55 mm. 

STATIC PERFORMANCE ANALYSIS OF PRESTRESSED Π-SHAPED BEAM CABLE-
STAYED BRIDGES UNDER DIFFERENT STAY CABLE DAMAGE CONDITIONS 

Considering the selection of stay cables corresponding to load cases 7, 8, and 9, the impact of 
different levels of symmetric stay cable damage on cable-stayed bridges is studied. The damage 
levels of the stay cables are set at 20%, 40%, 60%, 80%, and 100%, respectively, and compared 
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with the intact condition for comparative analysis. The load case numbers corresponding to the 
damage levels are indicated in Table 6. 

Tab. 6 - Damage condition combination table 

Operating conditions 
Stay Cable Damage 

Combination 

Stay Cable Identification 

Number 

Operating conditions 16 
Symmetrical Short Cable 

Damage 20% 
B6+ Z6 

Operating conditions 17 
Symmetrical Short Cable 

Damage 40% 
B6+ Z6 

Operating conditions 18 
Symmetrical Short Cable 

Damage 60% 
B6+ Z6 

Operating conditions 19 
Symmetrical Short Cable 

Damage 80% 
B6+ Z6 

Operating conditions 20 
Symmetrical Short Cable 

Damage 100% 
B6+ Z6 

Operating conditions 21 
Symmetrical Middle Cable 

Damage 20% 
B12+ Z12 

Operating conditions 22 
Symmetrical Middle Cable 

Damage 40% 
B12+ Z12 

Operating conditions 23 
Symmetrical Middle Cable 

Damage 60% 
B12+ Z12 

Operating conditions 24 
Symmetrical Middle Cable 

Damage 80% 
B12+ Z12 

Operating conditions 25 
Symmetrical Middle Cable 

Damage 100% 
B12+ Z12 

Operating conditions 26 
Symmetrical Long Cable 

Damage 20% 
B18+ Z18 

Operating conditions 27 
Symmetrical Long Cable 

Damage 40% 
B18+ Z18 

Operating conditions 28 
Symmetrical Long Cable 

Damage 60% 
B18+ Z18 

Operating conditions 29 
Symmetrical Long Cable 

Damage 80% 
B18+ Z18 

Operating conditions 30 
Symmetrical Long Cable 

Damage 100% 
B18+ Z18 

Using the Midas Civil software, a simulation of stay cable damage was conducted for the 
aforementioned 15 load cases by varying the elastic modulus of the stay cables. The analysis 
provides the variation of internal forces in each cable and the vertical displacement of the main beam 
for each load case, as shown in Figure 9 - Figure 14. In the cable force variation plot, negative values 
indicate a decrease in cable force compared to the undamaged condition, while positive values 
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indicate an increase in cable force compared to the undamaged condition. In the main beam vertical 
displacement plot, positive values represent an upward movement of the main beam at that point 
after cable damage, while negative values represent a downward movement compared to the pre-
damage condition of the cables. 

 

Fig. 9 – Symmetrical short cable damage - cable force variation plot 

 

Fig. 10 – Symmetrical medium cable damage - cable force variation plot 

 

Fig. 11 – Symmetrical long cable damage - cable force variation plot 
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From Figure 10 - Figure 12, it can be concluded that as the degree of damage to the same cable 
location increases, the reduction in internal force of the damaged cable becomes more significant. 
At the same time, the different levels of damage to the cables have a similar trend in redistributing 
the internal forces of the π-type cable-stayed bridge. Cables closer to the damaged cable experience 
larger changes in internal forces, whereas cables farther away from the damaged cable generally 
do not exhibit significant changes. 

 

Fig. 12 – Symmetrical short cable damage - vertical displacement variation plot of the main beam 

 

Fig. 13 – Symmetrical medium cable damage - vertical displacement variation plot of the main 
beam 

 

Fig. 14 – Symmetrical long cable damage - vertical displacement variation plot of the main beam 
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Based on Figure 12 - Figure 14, it can be observed that for symmetrical cable damage at any 
level, it has minimal impact on the vertical displacement of the auxiliary span main beam. However, 
in the case of symmetrical short cable damage, it significantly affects the vertical displacement of 
the short main span main beam. When the short cable is damaged 100%, the maximum deflection 
of the main beam can reach up to 5.29 mm. Symmetrical cable damage leads to deflections at 
various points along the long main span main beam, especially when the medium cable is damaged 
100%, the maximum deflection of the main beam can reach up to 17.87 mm. In general, for damage 
to the same cable location, the greater the extent of cable damage, the greater the impact on the 
vertical displacement of the main beam. However, the trend of vertical displacement remains the 
same. The maximum deformation of the main beam occurs at the location of the damaged cable. 
The vertical displacement of the main beam is greater closer to the damaged cable and smaller 
farther away from it. 

CONCLUSION 

This paper takes a prestressed π-type beam cable-stayed bridge in China as an engineering 
example, and focuses on the overall and local parameter sensitivity of the structure, as well as the 
force characteristics under cable damage. The main factors causing cable damage in prestressed 
π-type beam cable-stayed bridges are analyzed, and the selection of elastic modulus as the damage 
variable is determined. Conclusions are as follows: 

(1)   After damage occurs to symmetric or asymmetric cable-stays, the peak impact on cable 
forces is observed at the location of the damaged cable itself. The force value of the damaged cable 
decreases significantly, while the surrounding cable forces increase and exhibit a decreasing trend 
towards both sides. However, when damage occurs to a single-side cable-stay, the cable force on 
the other side of the main tower may decrease to some extent, but the level of impact can be 
considered negligible. 

(2)   For the same level of damage, the trend and extent of the influence on cable forces for 
symmetric cable-stays and single-side cable-stays are generally similar. It significantly affects the 
vertical displacement of the short main span main beam. When the short cable is damaged 100%, 
the maximum deflection of the main beam can reach up to 5.29 mm. when the medium cable is 
damaged 100%, the maximum deflection of the main beam can reach up to 17.87 mm. 

(3)   Due to the presence of the auxiliary pier, whether symmetric or asymmetric cable damage 
occurs, the impact on the linearity of the main span girder is much greater than the impact on the 
linearity of the auxiliary span and short main span. When damage occurs to the long cables of the 
auxiliary span, short main span, or the medium cable of the main span, it has the most adverse effect 
on the vertical displacement of the main beam and requires careful observation during the operation 
of the bridge. The closer the damaged cable is to the mid-span of the respective span, the greater 
its influence on the vertical displacement of that span. Within the elastic working range, different 
levels of damage. 

REFERENCES 

[1]   Bai H, Li R, Xu G, et al. Aerodynamic performance of Π-shaped composite deck cable-stayed 

bridges including VIV mitigation measures[J]. Journal of Wind Engineering and Industrial Aerodynamics, 

2021, 208: 104451. 

[2]   Zhang K, Li D, Xue X. Process monitoring and terminal verification of π–section girder cable-stayed 

bridge[J]. International Journal of Building Pathology and Adaptation, 2023. 



 
  Article no. 10 

 
THE CIVIL ENGINEERING JOURNAL 1-2025 

----------------------------------------------------------------------------------------------------- 

 

  DOI 10.14311/CEJ.2025.01.0010               152 

[3]   Mandić R, Hadži-Niković G, Ćosić S. Investigation of the behavior of the cable-stayed bridge under 

test load[J]. Geofizika, 2011, 28(1): 145-160. 

[4]   Cho S, Yim J, Shin S W, et al. Comparative field study of cable tension measurement for a cable-

stayed bridge[J]. Journal of Bridge Engineering, 2013, 18(8): 748-757. 

[5]   Soneji B B, Jangid R S. Influence of soil–structure interaction on the response of seismically 

isolated cable-stayed bridge[J]. Soil Dynamics and Earthquake Engineering, 2008, 28(4): 245-257. 

[6]   El Ouni M H, Kahla N B, Preumont A. Numerical and experimental dynamic analysis and control of 

a cable stayed bridge under parametric excitation[J]. Engineering Structures, 2012, 45: 244-256. 

[7]   Wen J, Han Q, Xie Y, et al. Performance-based seismic design and optimization of damper devices 

for cable-stayed bridge[J]. Engineering Structures, 2021, 237: 112043. 

[8]   Li C, Li H N, Hao H, et al. Seismic fragility analyses of sea-crossing cable-stayed bridges subjected 

to multi-support ground motions on offshore sites[J]. Engineering Structures, 2018, 165: 441-456. 

[9]   Soneji B B, Jangid R S. Passive hybrid systems for earthquake protection of cable-stayed bridge[J]. 

Engineering structures, 2007, 29(1): 57-70. 

[10]  Liu Z, He F, Yan A, et al. Mechanism and Aerodynamic Countermeasures of Vortex-Induced 

Vibration of a Cable-Stayed Bridge with Narrow Π-Shaped Girder Sections[J]. Journal of Bridge Engineering, 

2023, 28(12): 04023090. 

[11]  Hou N, Sun L, Chen L. Cable reliability assessments for cable-stayed bridges using identified 

tension forces and monitored loads[J]. Journal of Bridge Engineering, 2020, 25(7): 05020003. 

[12]  Kang H, Su X, Pi Z. Planar nonlinear dynamic analysis of cable-stayed bridge considering support 

stiffness[J]. Nonlinear Dynamics, 2022, 107(2): 1545-1568. 

[13]  Ma C, Duan Q, Liao H. Experimental investigation on aerodynamic behavior of a long span cable-

stayed bridge under construction[J]. KSCE Journal of Civil Engineering, 2018, 22: 2492-2501. 

[14]  Wang R, Xu Y, Li J. Transverse seismic behavior studies of a medium span cable-stayed bridge 

model with two concrete towers[J]. Journal of Earthquake Engineering, 2017, 21(1): 151-168. 

[15]  Larsen A, Larose G L. Dynamic wind effects on suspension and cable-stayed bridges[J]. Journal of 

Sound and Vibration, 2015, 334: 2-28. 

[16]  Cong Y, Kang H. Planar nonlinear dynamic behavior of a cable-stayed bridge under excitation of 

tower motion[J]. European Journal of Mechanics-A/Solids, 2019, 76: 91-107. 


	Chance constrained stochastic programming in design of a frame structure
	An Analytical Investigation on Nonlinear Free Vibrations of Beam with a Fatigue-Crack
	Augmented Reality as a 3D Land Cover Visualisation Technique
	Effect of fibers on self-healing properties of microbial mineralized cement mortars
	Point cloud local neighborhood features - a review
	Simulation of RC-T Beam Reinforced by Steel Wire Mesh and Polyurethane Cement Composite (SWM-PUC) P
	ESG implementation in the construction industry according to 2022-2024 surveys
	Flexural analysis of steel mesh reinforced polyurethane concrete material
	Testing of available measurement methods for cubature calculations
	Static performance analysis of prestressed Π-type beam cable-stayed bridge cable damage

